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The prediction of separation of the turbulent 
boundary layer 


By B.S. STRATFORD 


National Gas Turbine Establishment, Farnborough 
(Received 17 July 1958) 


A rapid method for the prediction of flow separation results from an approximate 
solution of the equations of motion; a single empirical factor is required. The 
equations are integrated by a modified ‘inner and outer solutions’ technique 
developed recently for laminar boundary layers, the criterion for separation being 
obtained as a simple formula applying directly to the separation position. At 
teynolds numbers of the order of 10°, the criterion is 


C,(xdC- dx)t = 0-39(10-8R)ys, 


when d?p/dx? > 0 and C, < 4; the coefficient 0-39 is replaced by 0-35 when 
d*p/dx? < 0. 

The prediction of the pressure rise to separation is likely to be from 0 to 10% 
too low, which puts it second in accuracy to those methods, such as Maskell’s 
(1951), which utilize the Ludweig—Tillmann skin friction law. However, the 
convenience of the method makes the present error acceptable for many applica- 
tions, while a greater accuracy should be attainable from an improved allowance 
for the quantity d*p/dx". 

The main derivation is for arbitrary pressure distributions, while an extension 
leads to the pressure distribution which just maintains zero skin friction through- 
out the region of pressure rise. 

The concept of a turbulent inner layer with zero wall stress is put forward, and 
it is deduced that in the neighbourhood of the wall the velocity is proportional to 
the square root of the distance from the wall. 


1. Introduction 

Previous methods for calculating the position of separation for the turbulent 
boundary layer—i.e. the position at which the flow ‘stalls’ or separates from the 
wall—have solved the momentum or energy equations in conjunction with 
empirical expressions representing the shape and behaviour of the velocity profile 
(see von Doenhoff & Tetervin 1943; Goldstein 1938; Kalikhmann 1943; Rotta 
1953; Spence 1956a,b; Squire & Young 1937; and Maskell 1951). These methods 
are reasonably accurate, but provide only a limited understanding of the 
flow. 

The present method is based upon the equations of motion (Goldstein 1938), 
the analysis of the turbulence utilizing either dimensional analysis or mixing 
length theory (Durand 1943, §25). Moreover, a closer physical picture than 
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hitherto is attempted for the flow. The method postulates that, as for the laminar 
layer (Stratford 1954), the turbulent layer in a pressure rise may be divided into 
two distinct regions. The outer is an historical region in which the pressure rise 
just causes a lowering of the dynamic head profile, the losses due to the shear 
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FiguRE 2. Development of a boundary layer in a sudden pressure gradient. At x = 2, the 
profile is unchanged except at y = 0. Just downstream of x, there is a general lowering of 
velocity in the outer layer (4) and a change of shape in the inner layer (B). 


stresses being almost the same as for the flow on a flat plate. The general solution 
is obtained in terms of the flow on a flat plate, the relationship to the flat plate 
flow being identical with the corresponding relationship for the laminar boundary 
layer. In the inner layer, on the other hand, the inertia forces are small so that the 
velocity profile is distorted by the pressure gradient until the latter is largely 
balanced by the transverse gradient of shear stress. The solution found for the 
inner layer at the separation position is such that close to the wall the velocity is 


proportional to the square root of the distance from the wall. This velocity profile 
is in contrast to that for the laminar boundary layer at separation, where the 
velocity is proportional to the square of the distance from the wall. A summary of 
the treatment and a picture of the flow is sketched in figures 1 to 3. It will be seen 
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from figure 1 that the pressure distribution considered initially has a simplified 
form in which a sharp pressure rise starts abruptly at the position x = 2 after 
constant pressure for a distance xp. 

The final solution is given by equations (19a), (19c) and (23). These relate x, C, 
and dC,,/dx at the separation position, and may be applied very rapidly to any 
given pressure distribution. 
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FiGuRE 3. The separation position. The flow reaches the separation condition of zero skin 
friction when the backward force y; Vp can only be adequately balanced by the shear stress 
difference (7;—7 ) if 7, is zero. 


2. The outer layer 

Where there is a rapid pressure rise the shear forces in the outer part of the 
boundary layer are small compared with either the inertia forces or the pressure 
gradient. As a preliminary it will be found helpful to consider the solution for a 
flow in which, downstream of xy, the shear forces are supposed zero, even though 
vorticity is present. 

In such a flow the total pressure, P, will remain constant along a streamline and 
Bernoulli’s equation holds: 


——=( (zero shear stress), 


where s is the distance along a streamline. Thus 
P(x, ys) = P(x ,y) (zero shear stress). 
The solution is therefore that the dynamic head at any point is equal to the 
dynamic head on the same streamline at 2) minus the rise in static pressure. 
Since the flow at 2, is known, the flow in the outer region of the boundary layer 
downstream of 2, is solved. 
For the real flow the shear forces cause a decrease in total pressure along a 
streamline, Bernoulli's equation being replaced by 
OP @ 
aw (1) 
as may be deduced from the equations of motion and continuity; 7 is the shear 
stress and y is the distance from the wall. Thus 
(* Or 
P(x, pf) = P(x, v)+] =ds. (2) 
~ ro 


1-2 
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Let the flow under consideration now be compared with a second flow which has 
identical conditions as far as x = 2, but which continues at constant static 
pressure thereafter. The distributions of 07/éy for the two flows will be identical 
for points away from the wall at x = 2»; also the distributions will remain closely 
the same for a short distance downstream of xy, because the effect of the pressure 
rise in the outer part of the boundary layer in this region is to cause a general 
lowering of the velocity profile rather than a change in shape. It follows, using 
equation (2), that the total pressure loss caused by the shear forces will be approxi- 
mately the same for the two flows. Thus the total pressures, which were equal at xp, 
may as an approximation still be supposed equal at points just downstream of 
Zo, 12. 


P(z,y)=P'(z,%) (WwW > yi), (3) 


where the dash denotes the comparison profile, 
/ = 

y=] udy, 
“0 


' 


and where the condition yy > yw, denotes an application limited to the outer 
region of the profile (7; is the value of y at the edge of the inner layer). 


Since p’ = constant = pp, where p is the static pressure, equation (3) gives 
Lou*(x, yr) = hpu?(x,.y)—(p—po) (vv > W,). (4) 


The dynamic head at any point is therefore equal to the dynamic head at the 
corresponding point in the comparison flow minus the rise in static pressure. 

Equation (4) represents for the outer part of the boundary layer a solution 
which is almost exact at positions a short distance downstream of 2, (since the 
values of both $pu? and (2/¢s) }pu? are exact at x,), and which would be expected 
to indicate at least the main behaviour for large distances downstream of 2p. 
(For an alternative assessment, the reduction in the value of the local dynamic 
head }pu? from its initial value }pU3% may be divided into three parts, these being 
due respectively to the rise in static pressure, to the viscosity between x = 0 and 
x = X, and to the viscosity downstream of 2,. Of these three effects, the first two 
have been included exactly in equation (4). The third effect, which is likely to be 
relatively small for the outer part of a boundary layer at separation, has been 
allowed for approximately.) 

The standard solution required for u’, the velocity in the boundary layer 
without pressure rise, may for the turbulent boundary layer be taken as the 
following semi-empirical form. (The usual derivation is that given by Goldstein 
(1938), while Schlichting (1941) obtains the result by approximate solution of the 
equations of motion.) 


we Ay : - 
U; —— (5 , (5a) 
a n+1)(m+2)_, ss 
where 8’ = My : (5b) 
7’ = 0-0362R-4, (5c) 


and where the value of n varies slightly with the Reynolds number but is usually 
close to 7. 


RN 
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Equations (4) and (5) provide a general solution for the outer region of the 
boundary layer. 

Differentiation of equation (4) with respect to y, and replacing u(é/éyr) by 

c/ey, gives f " 


CY 





cy’ 





cu } : . 
| (y 2 Yj). (6) 
(x,y) 


(x, wy) 
3. The inner layer 

The action of the pressure rise in the outer layer has been interpreted as a direct 
reduction in the dynamic head along each streamline, the only effect of the shear 
forces being to cause a superposed, and almost independent, loss. It can therefore 
be said that in the outer layer the back pressure force is balanced by the fluid 
inertia forces, 

In the inner layer the effect of the fluid inertia is too small for the above 
mechanism to be possible. In particular the inertial forces at the wall are zero, 
so that the pressure forces must be balanced entirely by the gradient of the shear 


force, i.e. - A 
Pp oT = 
= = = (), 
Ox Oy (y ) (7) 


as follows from the equations of motion, or from equation (1), by putting du/és = 0. 
Now this balance at the wall can occur only after there has been a change in the 
profile shape. When the sudden pressure gradient is reached at x = xy, the 
dynamic head and hence the general level of velocity would start to fall every- 
where, were it not for the no slip condition at the wall. This, as it were, anchors 
the velocity profile, which distorts instantaneously at x = 2», y = 0, until, just at 
the wall, the required balance is attained. The inner layer commences its growth 
at the discontinuity at 2 = 2), y = 0 and is the region in which the slope of the 
velocity profile has changed. In the inner layer there is a transition between fluid 
at the wall, for which the pressure force is balanced entirely by the shear force 
gradient, and fluid in the outer layer, where the pressure force causes simply a 
direct reduction of dynamic head. 

The analysis may proceed either on dimensional arguments* or by mixing 
length theory. Using dimensional arguments, suppose we have a layer within 
which the motion is determined by energy transport due to working by shear 
stresses, there being relatively little effect from energy advection by the mean 
flew. The motion then depends on 

T), (Or/Oy)y, (077 /OY")o, 


and the kinematic viscosity. If the wall stress, 7), is zero, dimensional similarity 
requires that py or\t (1 fer\ yB 
v= C2) (4) 2) : 
poy P \CY) oY" 
sufficiently close to the wall to satisfy y(¢?7/0y?), < (€7/ey). In the fully turbulent 
part of the flow, the relative motion is independent of the viscosity and so 
A 1 ~ 1 
UCT \2 V CT\3 
Tie A(% + Bl = ; (9) 
pe y pP ( Y 


* These were suggested by the referee. 
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‘Lory 


— = }, (9) is nearly 
poy’, 


where A, B are absolute constants. For large values of | 


kou* = 4A*y(07/dy)) = 4A*y Op/ox. (10) 


The alternative analysis by mixing length theory is able to indicate the order 
of magnitude of the constant of proportionality. The momentum transfer hypo- 
thesis will be adopted and, as is conventionally assumed for the flow on a flat plate, 
the mixing length will as a first approximation be assumed proportional to the 
distance from the wall. Now by the standard theory (e.g. Durand 1943, § 25) the 
shear stress when 0u/Cy is positive is 


T= pk*y?(eu oy)? (y small), | (11) 


where K is the Karman constant. The boundary layer at separation has zero skin 
friction, so that the integration of equation (7), regarding this equation as holding 


over a small region close to the wall, gives 


T= yCeplox (tT, = 0, y small). (12) 
Elimination of 7 between equations (11) and (12) yields 
| 1 dp\3 } - sean , 
(5, = (3K: | y (7) = 0, ysmall), (13) 
while for no slip at the wall, vu = 0 at y = 0, and equation (13) integrates to 
u = (ae) ¥ (7) = 0, ysmall), (14) 


which is in agreement with equation (10). 

Thus close to the wall the asymptotic form of the separation profile is that the 
velocity is proportional to y} and the dynamic head is proportional to y. 

Equation (14), with an appropriate value for AK, could be regarded as the first 
term of a series expansion representing the whole inner layer profile, the higher 
terms arising from the inertial forces and the gradual fall-off of the mixing length 
from the linear value assumed for it. Since the details of the mixing length 
behaviour could be determined only by recourse to experiment, it is particularly 
expedient for the present purpose, of calculating the separation position, to 
incorporate a single empirical factor, say ‘/’, in this first term, omitting higher 
terms whatever their source, and to obtain the factor from a special experiment. 
3y omitting the higher terms in the profile expansion the profile has been over- 
idealized as regards its own shape, so that good agreement with experimental 
profiles would not be expected, but the empirical factor might be expected 
adequately to represent the effect on the separation criterion of the higher terms. 
The factor / will be used also to represent any effects which the pressure 


rise might have on the mixing length, effects which are discussed in more 
detail by Ludweig & Tillmann (1949), by Squire (1950), and by Stratford 
(1956, 1959). 
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For present purposes, therefore, the inner layer (y < y;) is represented by the 
idealized profile 





1 ou? = — - __ op (7, = 0, y < y;) (15) 
aR" = (Oa pan? ‘0 9 YS Yils 


0-41 being the flat plate value for the Karman constant. 
Incidentally, the fact that 67/6y > 0 and 0?u/cy? < 0 in this flow renders the 
vorticity transfer theory inapplicable. 


4. The joining condition, and the preliminary result 

At the join between the inner and outer layers continuity is specified in y, u and 
éu/dy. This is sufficient to determine the join, and the suggested algebra for so 
doing and for deriving the separation condition (equation 19a) is as follows. 

At the join y and cu/cy for the inner layer are equal to y and du/dy for the outer 
layer and, therefore, from the definition of corresponding points and from 
equation (6), y and éu/dy for the inner layer at the join are equal to y (or y’) and 
du’ /dy’ for the corresponding point on the comparison profile. Equating y(du/dy)* 
and yw’ (éu’/dy’)’, calculated respectively from equations (15) and (5a), gives that 
the join at the separation position is such that its corresponding point satisfies 


’\ (2n—A)/n 3(0-4] »\4 . ; 
(“) P(t =H) (16) 


~ (n+ 1) (nd’ dC, /dx)? 


the join being thus determined. A further property of the join 
u2/u'? = 3/(nt+1) (W=y,) (17) 
is obtained by comparing wu?/(iCcu/ey), calculated from equation (15), with the 
corresponding quantity calculated from equation (5a). 
The separation condition may now be derived from equation (4) for, from that 


equation and equation (5a), 
C, = (y/o (1—wiu?) (by > Wy, CG, < [l—w?/u)), (18) 


where C,, = (p—ppo)/$pU§. Use of values at the join, as given by equations (16) 
and (17), followed by substitution of equations (56) and (5c) for 4’, leads to 
IC,\# ee | n—2 

5 2 | = 1-068(10-*R)xe (C < ), (19a) 


Y \4 s 
(20,)4-» (2 ee 
(20) dx P* n+1, 

R being the Reynolds number based on the local value of the distance x and the 
peak velocity U,. In obtaining equation (19a) the quantity 


(n + 1)8"+D) (m + 2)3/(n — 2)4r-2) 


has been replaced by 10-7 x (2-00)4-2), which is within 1°% of the former 
quantity when 6 <n < 8. 

The limitation C, < (n—2)/(n+1) results formally from the join of the inner 
layer with the outer layer reaching the edge of the boundary layer when using the 
idealized velocity profiles. The same limitation applies to the range over which £ 
has been determined empirically. 
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The parameter / may be determined by comparison with the experiment which 
is described in the following paper (Stratford 1959). In this experiment the flow 
was maintained just at the separation condition throughout the pressure rise, as 
will be considered theoretically in the last section of the present paper. It is found 
that # is independent of C, and has the value 


p=0°66 (7) = 0,C, < [n—2]/[n+1)). (196) 


The qualification ‘7, = 0° has been added because / will vary somewhat with the 
value of d*p/dx? immediately prior to separation, this quantity having its greatest 
possible negative value in the experiment. The variation will be discussed in § 5. 

The quantity ‘n’ pertains to the flat plate comparison profile at x = x,, suffix 
s being used to denote separation; the relevant Reynolds number is still 


R= eile. 
Now if Lae = 0-50 equation (19a) is seen to be independent of x. Moreover, in 
general it is not sensitive to n, for example, a typical change from n = 6 ton=7 
has a 4°% effect, and so the use of a reasonable value for n is sufficient. Analysis of 
a velocity profile obtained by Schubauer & Klebanoff (1950) suggests the value 
n = 7 at a Reynolds number of 1-43 x 10%, while as part of the experiment with 
continuously zero skin friction the value » = 6 was obtained for a Reynolds 
number of 0-64 x 108. Comparison of the values of n with those of log,, & and 
consideration of the degree of accuracy required therefore suggests the use of 


n = logy R,, (19¢) 


the errors thus introduced into the formula being expected to be usually less 
than 1 %. 

Except for the small effect of (d?p/dx?),, which will be discussed in §5, equa- 
tions (19a) to (19c) are sufficient to determine whether separation will occur at 
any chosen point on a given pressure distribution. This is the principal result of 


the paper. 


Some typical values, and comparison with the laminar boundary layer 
Equations (19) demonstrate that the value of the pressure rise to separation 
is not highly sensitive to the value of the pressure gradient at separation. As a 
typical example, for a separating turbulent boundary layer the value of xdC,,/dx 
is in the neighbourhood of unity and so the value of C,, at separation would be 
about 0-35, say between 0-3 and 0-5. 

These results are to be compared with results for the laminar layer, which, 
according to Stratford’s (1954) analysis, satisfies 


dC,\? ; . 
C,(x j P| = (0-0076 (laminar separation). 
Lr 


The pressure recovery of the laminar layer at separation is thus much more 


sensitive to pressure gradient. Values for (2dC,,/dx), for a laminar boundary layer 


) 


would usually range between 0-2 and 0-5, or higher, so that a typical pressure 


recovery is, say, 0-06. 
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Allowance for an initial region of favourable pressure gradient or laminar flow 
For pressure distributions having an initial region of favourable pressure 
gradient, the value of x to be used in the above equations has to be an equivalent 
value, the flow with favourable gradient being replaced by one at constant 
pressure and with a mainstream velocity equal to the peak mainstream velocity 
Uy. The criterion of equivalence is the value of the boundary layer momentum 
thickness 6 at the point of peak velocity. It may be shown semi-empirically 
(using the energy equation and the data of Schubauer & Klebanoff (1950)) that 
for a boundary layer turbulent from the leading edge this criterion leads approxi- 
mately to 


ty = \" | : )" dX, (20) 


where X and «x are distances from the actual and the equivalent leading edges 
respectively. 

For a boundary layer which is initially laminar the momentum thickness (, 
at X = X, may be calculated from the following equation, which has been 
obtained with minor variations by Young & Winterbottom (1940), Walz (1943) 
and Thwaites (1949): 

yy PX Uys \ 
0, = 0-664 | =] ax| (21) 
1/90 1 F 

The equivalent length of turbulent boundary layer can now be determined 
from equation (5c) on the standard assumptions of sudden transition and of con- 
servation of momentum. For the final equivalent condition, in which both 
the boundary layer is entirely turbulent and the pressure is constant at pp until 
the rise of pressure commences, equations (5c), (20) and (21) lead to 


» \E/U\Ar Xe /U\5 _(X\8 eX. /U\3 __ . 
comer) UMA [els 


where X is the distance from the actual leading edge and suffix ¢ indicates values 
at transition. Suffix 0 now refers to conditions at the position of peak velocity, 
or at transition, whichever is later. If, however, transition is immediately 
followed by a steep pressure rise leading to separation the present theory would 
only be roughly correct, as the turbulent flat plate profile assumed to exist at 


x = 2 would not be properly formed. 


The profiles at separation 
The derivation of the preceding sections can be used to obtain the profiles at 
the separation position; these are shown in figure 4 in the form of dynamic head 
profiles. It will be noticed that there is an appreciable variation in the shape of 
the separation profile with variation in the value of C,, .. 

The value of the ratio @,/0’, where 4’ is the momentum thickness of the com- 
parison boundary layer, is plotted in figure 5 as a function of C,, ,. The absolute 
value of #, for any given pressure distribution may be found by using this figure 
together with the relation for #’ from equation (5c). 
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FicurE 4. The idealized theoretical dynamic head profiles at separation, R, = 10% 
6’ = thickness of the flat plate comparison profile. 
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FiagurE 5. Momentum thickness of the boundary layer at separation, 6’ = momentum 
thickness of the comparison profile. 


5. Tests of the method and development of the formula to allow for 
variation of (d?)/dx), 

The formulae (19), of which formula (196) strictly holds only for large negative 
values of d?p/dx?, will be applied to certain test pressure distributions and then a 
correction discussed for d?p/d2?. 

The data are taken from von Doenhoff & Tetervin (1943) for the first three tests 
and from Schubauer & Klebanoff (1950) for the fourth; Schubauer & Klebanoff’s 
measurements were made on a special surface in a large wind tunnel. In order to 
assist the assessment the experiment used for the empirical determination of / 
has been included as ‘Test’ 5. It should be noted that the experimental pressure 
distributions allow some range of interpretation as regards dp/da, especially in the 
neighbourhood of a point of inflexion, and the effect on the theoretical prediction 
could be as much as +5 ° 


The results are shown in figures 6 and 7 and table 1 (pages 11-13). 








or 
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It will be seen that in the main tests the prediction for the pressure recovery at 
separation is always too low. The discrepancy in / varies between 0 and 20%; 
the discrepancy in C,, , is also in this range, but the precise value depends on how 
long the boundary layer ‘hovers’ (due to its softening of the pressure gradient) 
just close to the condition for separation, without actually separating. 
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FiGuRE 6. Tests (1 and 2) of the method before its development to allow 
for the effect of d*p/dz?. 


A closer examination of the results in conjunction with the pressure distribution 
shows that the error in the formulae increases with increase in the value of d*p/dx* 
immediately prior to separation. Consideration of the theoretical analysis for the 
laminar boundary layer (Stratford 1954) shows that this is to be expected, and it 
would have been found in that case also that the use of the result obtained for 
flow with continuously zero skin friction would have caused a considerable error. 
At present, there is insufficient data to make full allowance for d*p/dz? in the case 
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of the turbulent boundary layer, but a crude modification, that would about 
halve the error, would be to replace equation (195) by 
0),) 
0),J 
the relevant value of d?p/dx? being that immediately prior to separation. The 
final result is then given by equations (19a), 3). For the Reynolds 


numbers of the order of 10°, the form quoted in the Summary is a convenient 
simplification. 


pf = 0°66 (d*p/da? < 
(23) 


p = (:73 (d*p dx? > 


(19c) and (2 
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Further tests would be desirable at extreme Reynolds numbers, in case, for 
example, the factor # should vary. At present / has been assumed to be inde- 
pendent of the Reynolds number. 

As a further test of the basic theoretical concepts the theoretical predictions 
for the momentum thickness may be compared with the results taken from the 


experiment with continuously zero skin friction. The predictions are independent 
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of the empirical factor when plotted in the form @,/@’ against C,,, as in figure 5; 
it is the more significant therefore that, as may be seen from the figure, the 
predictions are satisfactorily confirmed. The experiment also confirms the linear 
dynamic head close to the wall predicted by equations (10) and (14), at least for 
the special conditions of that experiment where there is no actual reverse flow. 
With flow reversal the softening of the pressure gradient, together with a new 
type of turbulence discovered while carrying out the experiment with zero skin 
friction, might tend to mask the linear dynamic head profile, although the 
criterion for separation would not be affected. 


Test no. ore 1 2 3 4 5 
Figure no. 6 6 7 7 4 of next paper 
R,/10® 0-76 2-2 3-4 20 1-0 to 1-6 
n (nominal value) 5-9 6:3 6-5 7:3 6-0 
C',,, theory, before allowing 0-372 0-412 0-626 0-442 
for (d*p/dx*), 0 to 0-57, used 
C,,, experiment* 0-409 0-464 0-669 0-460; for empirical 
to to to to fitting 
0-470 0-495 0-734 0-530 
Approx. increase in / re- +8% + 20% + 20% +2% 0% 
quired for theory to give 
agreement with experiment 
d?p/dx* immediately prior Slightly Large Large Negative Maximum 
to separation positive and and negative 
positive positive 


* The two experimental values quoted for C,, for each test, correspond (except in 
test 5) respectively to the position where C,(xdC,/dx)! is a maximum (this is where the 
danger of separation is greatest according to the theory), and to the position where dC ,/dx 
has become zero (due to the separation destroying the pressure rise). 


TaBLE 1. Tests of the method using equations (19) without correction for (d?p/dz?), 


Comparison with other methods 

Results of calculations by the method of von Doenhoff & Tetervin (1943) and 
by that of Maskell (1951) are shown respectively in figure 8, and in figures 6 and 7. 
von Doenhoff & Tetervin’s criterion for separation is that the shape parameter H 
should lie between 1-8 and 2-6 and this, it will be seen, leaves an indeterminacy of 
up to about 10 °% in the predicted pressure rise to separation, i.e. about the same 
as for the present method. Maskell improves upon this accuracy mostly by using 
Ludweig & Tillmann’s skin friction law, which, on extrapolation, gives the 
position of separation once the distributions of H and @ are known. Recently, 
Spence (1956 a) has increased the usefulness of these types of analysis by developing 
a method whereby H may be more rapidly calculated. The accuracy of Maskell’s 
predictions is probably highly satisfactory for most pressure distributions, 
although difficulty might be experienced with special pressure distributions such 
as very sharp pressure rises or the flow with continuously zero skin friction. 

For most pressure distributions the present method probably would not be as 
accurate as either Maskell’s method or the Maskell-Spence method until the 
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allowance for d*p/dz* has been improved. However, it should be more accurate 
than those methods for the special types of pressure distribution mentioned 


above, and it could be employed generally, taking advantage of its considerably 





















































2-4 T 26 
| fe } 
| 
| | : 
00 | | heory 22 
| 
Pressure 
16 distribution, as 
for test 1 of 18 
figure 6 
‘2 l 
12 2.4 es - ; 1-4 
7 2-6 
S ! Fy 
Fs hy | . 8 
no] PT hson = 
3 2-0 P aol } 2-2 & 
= | a 
3) 1 aa | wo 
2 Pressure distribuuon, F 2 
a> as for test 2 of H « 
= u“ : an 
2 ‘ figure 6 x s 
= | 16--— on ae 18 2 
S iP 
vo n> 
s | & 
= 40 124 ms Mig # 
\ Pressure distribution, 
“ effectively as for test 3 
\ of figure 7, but R= 4:18 X10" 
| 
3-0 t 17 
Me | 1 
2-0 _— - 15 
fe) @- |- 
i ° 
1-0 - ES 
0 0-2 0-4 0-6 0-8 10 
t Note — it Pe 
false 
ee Chordwise position 


origins 


FIGURE 8. 


Results from the method of von Doenhoff & Tetervin (separation is 


assumed to occur when H is between 1:8 and 2:6). 


greater speed, where its 10°, range of uncertainty is acceptable. Further claims 
for the present method are that it provides a better physical picture and under- 
and also a greater flexibility. 
both by the ease with which may be seen the effects of any change in a given 
pressure distribution, and by the extension to flow with continuously zero skin 


standing of the flow, 


friction, as obtained in $6. 


An example 


We shall consider the case of a linear pressure rise starting at the leading edge, 
= x/c. For simplicity it will be assumed that the R 


i.e. C, 
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equal to 10°. Since d*p/dz* is zero, the value 0-73 is used in equation (23); 
equations (19a) and (19c) (or the equation of the Summary) then become 


[(x/c)?], =0-39, 
Xs c= C. —— 0-53, 


U,/Uy = 0-68. 


6. An extension to flow with continuously zero skin friction 

If the separation condition of zero skin friction is reached at each point down- 
stream of x = 2, but separation itself is always just avoided, the separation 
criterion of equations (19) will apply at all positions and consequently will become 
a differential equation for the pressure distribution. On integration, neglecting 
the small variation of n with x, the pressure distribution is found to be 


~\4 1) 2/n so. 
C, = 0-645{ 0-435 | : - i} (7. =0,C,< wai, (24) 
~~ 


where Rh, = 2, U,/v, the coefficient 0-645 being a close fit (to 4% for 6 < n < 8) to 
a function of n. 
At a Reynolds number of R, = 10°, when n = 6, this pressure distribution 


becomes “1 \4 ’ 
Y a oF a inne Y 4 a= 
C,=1 231 (=) = | (7, = 0,0, <4). (25) 


When C,, = (n—2)/(n + 1) the inner layer reaches the edge of the main boundary 
layer and equation (24) is at the limit of its validity. At greater pressure rises a 
solution could be sought in which the whole boundary layer retained a constant 
profile shape. Thus the simple form of the momentum equation is 


d : dp 
»U20) = 7,+06* A 26 
dx (f ) 0 dx ( ) 
The value of the shape parameter H, = 6*/0, is put equal to a constant and, with 
the skin friction 7, equal to zero, the equation readily yields 
const. 
wes 1+$H)" (27) 
Y \(1+4 ) 
(1—C,)a4 
This may be transformed into a pressure distribution by direct resort to an 
argument based on similarity. Alternatively, the inner layer profiles of equa- 
tions (10), (14) and (15) show that 
dp tpuw* 
| dl 
dx y 
and therefore, by similarity, dp 4pU? 
oc = ‘ 


dx #6 (28) 


Elimination of # from equations (27) and (28), integration, and putting H = 2-0, 
which would be the value for a linear dynamic head as used in the simplified inner 


layer profile, leads to 


a a | 7r.=0.C.> n—2 (29) 
hl (a +b)? (70 = ’ Sarre “ 
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where a and 6 are constants, determined by continuity with the pressure distribu- 
tion of equation (24). For a Reynolds number of A, = 10% continuity with 
equation (25) gives a = 0-39a2 and 6 = —0-78xp. 

This extension of the theory has utilized the empirical value # = 0-66 obtained 
from the experiment with zero skin friction; the closeness of the empirical fitting 
may be judged from the comparison shown in figure 4 of the following paper. 


The work leading to the present paper was started in the Aeronautics Depart- 
ment of Imperial College and has been completed at the National Gas Turbine 
Establishment. The author is indebted to staff and colleagues who have given 
valuable criticism and advice, and to the Department of Scientific and Industrial 
Research for a grant which enabled the work to be initiated. 
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An experimental flow with zero skin friction 
throughout its region of pressure rise 


By B. S. STRATFORD 


National Gas Turbine Establishment, Farnborough 
(Received 17 July 1958) 


A flow has been produced having effectively zero skin friction throughout its 
region of pressure rise, which extended for a distance of 3ft. No fundamental 
difficulty was encountered in establishing the flow and it had, moreover, a good 
margin of stability. The dynamic head in the zero skin friction boundary layer 
was found to be linear at the wall (i.e. u o y), as predicted theoretically in the 
previous paper (Stratford 1959). 

The flow appears to achieve any specified pressure rise in the shortest possible 
distance and with probably the least possible dissipation of energy for a given 
initial boundary layer. Thus an aerofoil which could utilize it immediately after 
transition from laminar flow would be expected to have a very low drag. A design 
pressure distribution (besides having the usual safety margin against stall) 
should have a slightly more gradual start to the pressure rise than in the present 
experiment, as small errors close to the discontinuity cam cause difficulty. 


1. Introduction 

In aerodynamics there is a commonly occurring need to decelerate, or diffuse, 
the flow of fluid relative to a surface. On an aerofoil, for example, diffusion is 
likely to be necessary on the rearward upper surface whether the aerofoil be 
isolated, as for an aircraft wing, or in cascade, as for turbo-machinery. More- 
over, the diffusion is required in a fairly short distance and with a minimum 
loss of energy. § 6 of the previous paper (Stratford 1959) considered a flow having 
continuously zero skin friction throughout its region of pressure rise and this 
flow, as it will be shown, might be expected to achieve diffusion in the shortest 
possible distance with probably the lowest possible loss. After a preliminary 
theoretical discussion an experiment will be described testing the flow. 

The pressure distribution for the present flow has been derived by specifying 
that the boundary layer shall be just at the condition of separation, without 
actually separating, at all positions in the pressure rise. Now at the condition of 
separation the local pressure gradient is the steepest which can be applied to 
the boundary layer, because an attempt to apply a steeper gradient would cause 
actual separation and breakdown of the flow. The present pressure distribution 
might be expected, therefore, to attain any given pressure rise in the shortest 
possible distance for a given initial boundary layer. This may be confirmed 
formally by a simple extension of the theory of the previous paper. 
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The second property of interest concerns the energy loss. Since the present 
flow is at all points at the condition of separation, the skin friction is continuously 
zero. Now ‘zero skin friction’ might at first suggest low loss, but in fact losses 
due to the pressure gradient tend to compensate for the reduction in skin 
friction. It is not immediately clear from the momentum equation whether the 
present flow provides a net gain over other flows as the pressure gradient term, 
d*dp/dx, is not readily calculated. However, consideration of the rate of energy 
dissipation by the shear forces throughout the boundary layer indicates that 
for a given local mainstream velocity the dissipation per unit length of surface 
would vary only slightly with the shape of the boundary layer profile (the latter 
determines the skin friction). Thus, flow with zero skin friction would have about 
the same loss per unit length as other flows, but, because it has the shortest 
possible length, it would have the least possible final loss. This argument, based 
upon the energy equation for the boundary layer, is not exact, and so the result 
will be verified in the next paragraph using the theory of the previous paper. 

The previous paper shows that for any boundary layer in a pressure rise the 
total head in the outer layer is equal to that at the corresponding point in the 
comparison layer (C,, = 0). In the sub-layer, on the other hand, the total head 
is higher than in the comparison layer, the difference almost certainly being 
greater the greater the pressure rise; at the wall, clearly, the difference is equal 
to C,. The energy loss in a flow with pressure rise is therefore less than in one 
without; moreover, the energy loss is least, at a given value of x, in the flow which 
has the greatest pressure rise, i.e. the present flow, which is continuously at the 
separation condition. It follows that the energy loss at a specified pressure rise 
will also be least in the present flow. 

The advantage of minimum energy dissipation may not of itself be particularly 
significant in practical applications. On an aerofoil, for example, if the pressure 
gradient were shortened and, say, the region of constant pressure lengthened in 
order to maintain the lift unchanged, then for a fixed transition point the drag 
may not be appreciably different. A worthwhile gain would seem likely, however, 
if advantage were taken of the shortness of the pressure rise to increase the 
proportion of the chord over which the pressure gradient were favourable, in this 
way delaying transition. Such an aerofoil might be expected to represent the 
most efficient type that is possible without artificial boundary layer control. 
Wortmann (1955, 1957), Eppler (1955) and Speidel (1955) have already carried 
out a considerable volume of work on a similar type of aerofoil, this being based 
on the concepts of Wortmann using the boundary layer theory of Truckenbrodt 
(1952), and Wortmann (1957) has obtained improvements of the order of 20 % 
over certain previous low drag sections. Wortmann’s pressure distribution appears 
to be more gradual than in the present experiment, as will be discussed later 
in the paper. 


2. Apparatus and methods 


The apparatus, sketched in figure 1, consisted of an open return wind tunnel 


having an 8in. square-working section, a 9/1 ratio contraction, and a nominally 
2/1 two-dimensional diffuser leading via transition sections to a fan. The speed 
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in the working section was approximately 55 ft./sec. The test boundary layer was 
that growing on one side wall of the working section and diffuser, and in this 
region the top wall of the apparatus was transparent. 

The design shape of the test wall is shown in figure 2. The pressure distribution 
specified for the design was estimated from the evidence on boundary layer 
separation available at the time: the design geometry was then obtained from 
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this pressure distribution by applying corrections, based on physical arguments, 
to the shape that would be predicted from one-dimensional inviscid flow theory. 
Since the design method was only approximate and the correct pressure dis- 
tribution was known only roughly before testing, and since the boundary layer 
.cself would affect the pressure distribution, provision was made for varying the 
divergence and shape of the opposite wall, in conjunction, if necessary, with 
building up the surface of the test wall. 

One embarrassing feature of the design was that the aspect ratio of the test 
wall was very low. This feature resulted when the test wall was made long in 
order that the test boundary layer should be thick and its measurement thereby 
facilitated. Consequently, precautions were necessary in order to ensure that 
the flow within the test region was two-dimensional. Thus the top and bottom 
walls of the diffuser were diverged in order to compensate the displacement 
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thickness of their boundary layers; by this means the effective span of the flow, 
as checked by traversing for the displacement thickness of the top and bottom 
boundary layers, was held constant for the main tests to within about 1 %. The 
principal measurements were made at mid-span, on either side of which the flow 
was of uniform total head; the minimum width of uniform flow was about 40°, 


of the span, as shown by the traverses of figure 3. 
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FIGURE 3. Spanwise variation of total head. 


The method of finding the correct pressure distribution 

The required flow was obtained by progressively earlier tripping of the test 
boundary layer in conjunction with the adjustments to the opposite flexible 
wall and slight building up of the test wall. In the final stages of this process the 
test boundary layer was thickened artificially just before entry to the working 
section. The correct and, at the time, unknown pressure distribution could thus 
be approached gradually even though the flow sought was everywhere close to 
separation. 

The technique of artificial thickening was adopted when it was found desirable 


to shorten the original working section in order to reduce the thickness of the 
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boundary layers on the other walls. (Figure 1 is for the tunnel after shortening.) 
The artificial thickening resulted in an increase of 30° in the value of the 
momentum thickness 4) at x = x». It was produced by a rectangular projection 
from the wall, this extending at first along the central 75 °, of the span, but later 
along only the central 54 °,. The projection had accurately ground surfaces in 
order to produce spanwise uniformity of loss, and it was preceded by a trip wire, 
this also being found necessary for obtaining spanwise uniformity. Traverses 
showed that despite the artificial thickening the test boundary layer had settled 
to a steady profile shape, to within about 24 % on velocity, well before reaching 
the region of pressure rise. Also its rate of growth d@/dx, and hence, presumably, 
its turbulence, was normal for a turbulent boundary layer without pressure 
gradient. The equivalent length x, of the test boundary layer in the main test 
was 35-2in. giving a Reynolds number 2, U,/v of 1-0 x 10°, 

Simultaneously with the following through of the above process, small amounts 
of boundary layer control were applied to the other boundary layers, in particular 
at the corners, in order to prevent local separations or the development of large 
displacement thicknesses; these conditions could limit the pressure recovery 
attainable in the test section and even cause slight secondary flow on the test 
wall. Care was needed to prevent secondary flow near the control points 
themselves. 

The process just outlined was straightforward in principle. In practice, 
however, it required much patient adjustment and modification. The greatest 
trouble that was encountered, apart from the embarrassments from the small 
aspect-ratio, occurred in correcting the pressure distribution near the dis- 
continuity at x = 2», the necessary correction itself being discontinuous at 
that point. A complicating factor was the sudden thickening of the test 
boundary layer on meeting the steep pressure gradient starting at the dis- 
continuity. 

The experimental pressure distribution obtained initially with a very thin 
boundary layer was quite close to design; the starting-point for the pressure rise 
was } in. upstream of the design position, and the pressure coefficient at any given 
distance downstream of the starting-point was about 0-03 smaller than design. 
There was also a slight suction peak (C,, = —0-04) just upstream of the dis- 
continuity. The correct pressure distribution, i.e. that found necessary for giving 
continuously zero skin friction with the final thick boundary layer, had a pressure 
coefficient in most of the region of the pressure rise about 0-04 smaller than that 
of the initial experimental pressure distribution; this correct distribution was 
obtained as already described, the necessary distortions to the opposite wall 
being quite severe despite the smallness of the change required in C,,. 


Observation techniques 
Determination of the flow condition was based on the following techniques, 
the observations being considered in conjunction one with another. 
(a) Tuft behaviour. Tufts indicated the steadiness and direction of the flow. 
The degree of unsteadiness became a good indication of the closeness to the 


separation condition. 
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(6) Transition. It being an open return tunnel, the chalk dust technique was 
used for indicating transition. 

(c) Static pressure distribution. Readings from a multi-tube manometer 
indicated the smoothness of the distribution, its steadiness with time, and 
whether the maximum possible pressure rise was being obtained for a given initial 
boundary layer. 

(d) Substitution into the integrated momentum equation. Ideally 7, could be 
obtained from the experiment by direct substitution into the momentum equation 
: 4 (1) 


(pU20) —0* 


7. = 
0 dx div 


However, the differentiation of the experimental values of pU?6 makes this 
method over-sensitive to error. A more satisfactory procedure is to integrate 


the momentum equation, thus obtaining 








puro ‘od ier l —s ‘i 
| U20 ; 20) aC, |+ 26 . a 
PY0%0 J x, -Y0 PUCO0%0J 2 


and to compare curves of the experimental values of 


se é* 
° 269 


pUro 


2; and ] 
pl 0Yo | 


d( | 





ot 


A difference between the curves indicates a non-zero skin friction force provided 
the flow is accurately two-dimensional. 

(e) Velocity traverses. Standard theory for turbulent flow shows that there is 
a close relation between the skin friction and the height of the ‘shoulder’ whic: 
occurs very close to the wall in either the velocity profile or the dynamic head 
profile. Thus a qualitative estimate could be made of the closeness to separation 
just by looking at the Pitot traverse. The estimate could be made more precise 
by using the result of the previous paper that the skin friction is zero when, in 
effect, the shoulder in the dynamic head profile is zero or, more specifically, when 
the dynamic head close to the wall increases linearly from a zero value at the 
wall. However, since it was a part of the object of the experiment to verify this 


theory, agreement with it could be used only as additional corroboration. 


The effect of turbule nce on the Pitot re ading 
The Pitot readings have not been corrected for the effect of turbulence. 
Calculations for the main test suggest that the proportional effect on the local 
dynamic head could be appreciable, but that the effect on the momentum 


thickness should be small. 


Variation of static pressure across the boundary layer 
In positions very close to the discontinuity the wall is highly curved and the 
static pressure varies across the thickness of the boundary layer. Now the 


actual boundary layer at any station x would become the same as for an experi- 
ment which conformed to the conditions of the theoretical model (static pressure 
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constant across the thickness of the boundary layer at all positions) if both the 
static pressure at the station « were made constant and equal to that at the wall, 
and if it could be assumed that the difference upstream between the local and 
the wall static pressures did not affect significantly the total pressure in any 
streamtube at the station x. The latter would be reasonably true in the present 
experiment as the variation of static pressure across the boundary layer is found 
to be both small and confined to a short length of wall. Hence the present experi- 
mental results would correspond to those of an experiment conforming to the 
theoretical model if in the formula for 4, 
ie ss 


O6= | (1-u/U)dy/U = (l—u/U)udy/U, (3) 


0 J 0 


« 


the velocities were calculated from an equivalent dynamic head equal to the 
local total head minus the wall static pressure, the true volume flow, however, 
being retained in any streamtube. Consequently @ has been calculated on this 


basis. 


3. Results Characteristics of the flow 


The flow had three important characteristics: (a) there was no fundamental 
difficulty in obtaining it, (b) it did appear to provide the shortest possible distance 
for a given pressure rise, and (c) it was stable. 

(a) No fundamental difficulty was experienced in obtaining the flow with 
continuously zero skin friction; the relevant part of the test surface extended 
for just over 3 ft. 

(b) The flow condition could be varied by altering the divergence and shape 
of the opposite wall. As far as could be ascertained, the condition for maximum 
pressure rise at any specified position on the test wall did coincide with the 
condition for continuously zero skin friction. For example, as the divergence of 
the diffuser was gradually increased the pressure rise at any given position on 
the test wall first increased to a maximum, which occurred when the skin friction 
had become effectively zero, it then remained almost constant for an appreciable 
range of divergence and, thereafter, it decreased. Attempts at improving upon 
the pressure rise given by the flow with continuously zero skin friction were 
never successful. 

(c) The flow was found to be stable, and with the divergence just sufficient to 
reduce to zero the skin friction and to produce the maximum pressure rise, neither 
the losses, nor the steadiness of the pressure rise, were very sensitive to small 
changes in the passage divergence. In particular, a small increase in the diverg- 
ence did not cause backflow. [Instead the displacement thickness of the test 
boundary layer increased sufficiently (up to a maximum of about 10°, of the 
total boundary layer thickness 6).,,) to compensate the additional flow area, the 
skin friction remaining sensibly zero and the pressure distribution unaltered. 
This ‘elasticity’ in the boundary layer displacement thickness was made possible 
by the onset of a special regime of flow with a very high turbulence level close 


to the wall.] 
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The stability found for this flow is in contrast to the usual instability of tur- 
bulent flows near separation. In the present experiment the flow contained no 
dead-air region, while the boundary layers on the other three walls were con- 
trolled sufficiently to prevent separation; thus the geometry of the mainstream 
was virtually fixed. In most previous experiments, on the other hand, the main- 
stream geometry could vary either due to the presence of a dead-air region, or 
due to separation being imminent all round. Consequently, the usual instability 
found in previous experiments may be a result of the variable mainstream geo- 
metry rather than of the characteristics of the local boundary layer. 

Quantitative results are shown in figure 4 onwards. 
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ment the initial region (a length of about 42,) was replaced by an equivalent obstruction, 
and the equivalence, including indirectly, the normality of the turbulence level, checked 


by boundary layer traverses. 


4. Discussion of the results 
The value of 2 

The immediate item of analytical data required from the experiment was 
the value of the factor ‘/’ necessary for completion of the theory. In figure 4 
is shown a comparison of the experimental and ‘theoretical’ pressure dis- 
tributions for producing continuously zero skin friction when a constant value 
of #, equal to 0-66, is used empirically in the theory; it will be seen that the fit 
of the curves is very good. (Most of the irregularities in the pressure distribution 
upstream of 2 = x, result from the distortions made in the opposite wall when 
setting the conditions in the main test length near and downstream of x = 2,.) 
The fact that / is of order unity supports the general concepts of the theoretical 
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method. It is notable how close an agreement is obtained using a value of / 
which is independent of 2/2). The evidence is insufticient of course to show that 


there are not even small variations in / with 2/2». 
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Some details from the main test, for which the pressure distribution was as 
in figure 4, are given in figures 5 to 8, together with the theoretical profiles for 


comparison in figure 9. 

This main test provided the shortest pressure rise that it was found possible to 
achieve in the experiment, and it may be judged from the dynamic head profiles 
that the skin friction is zero, or very close to zero. The linear profile for the 
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dynamic head (figure 8), close to the wall in the inner layer, is visible particularly 
in the profiles for C,, = 0-122, C,, = 0-200 and C, = 0-682. The veryslight shoulder 
in the profiles at C,, = 0-399, C!, = 0-489 and C), = 0-624, indicates an imper- 
fection in setting the condition, so that the corresponding skin friction is still 
very slightly positive. (A special test to check that a linear profile is possible at 
these latter values for C,, was able to produce results such as curve ‘b’ of figure 12.) 
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FIGURE 8. The dynamic head profiles. The full line profiles represent total pressure minus 
static pressure at the wall. Where the static pressure varies across the boundary layer the 
true dynamic head is represented by the broken lines. The C,, values refer to the wall. 


At the condition of this test the tufts were beginning to become unsteady but 
there was no sign of backflow or serious oscillation. Examination of figure 7 
shows that the flow is consistent with the integrated momentum equation with 
T, = 0, up to C, = 0-5; above this value there is a discrepancy, the final momen- 
tum deficiency being about 15°, less than it apparently should be. Since the 
skin friction is certainly not negative it would seem that there was some loss of 
fluid from the later part of the test boundary layer, presumably by spanwise 
flow on that part of the test wall, despite the precautions taken; thus the results 


for this test are not accurate above, say, ( 1p = 05. 
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When plotted against C’,, as in figure 5, the momentum thickness shows a 
very rapid increase above, say, C!, = 0-5, at which position it has quadrupled its 
value at 2 = xv). Comparison with figure 4 shows that the rate of increase with x 
would be greatest in the range just downstream of x). Figure 5 indicates reason- 
able agreement with the theoretical values for the momentum thickness. (If 
this is plotted as4,/4, against (",, as in figure 5 of the previous paper, the theoretical 
values are independent of the empirical factor #. The agreement obtained, which 
is effectively the same as in the present figure 5, provides significant confirmation 


of the soundness of the theoretical concepts.) 
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FicurE 9. The theoretical dynamic head profiles calculated from the previous 
paper, for comparison. 


The experiment confirms the linear dynamic head predicted theoretically for 
the inner laver near the wall. The experimental profiles, however, show a region 
of concavity. This is not surprising in view of the fact that the theoretical 
profiles have been idealized for simplicity of analysis. In terms of the theory 
the concavity is explained by a sharp fall-off in the value of the mixing length 
from the idealized linear value assumed for it. The conversion of a dynamic head 
profile with such a concavity to a velocity profile gives the hump characteristic 
of turbulent boundary layers near separation. (On the other hand, a hump is 
obtainable in the dynamic head profile itself as, for example, in the tests of 
figures 10 and 11. which will be discussed later.) 

In using the results just quoted as confirmation of the theory the argument is 
not quite complete. Thus the theory suggests: first, that the skin friction falls 
to zero when the dynamic head becomes linear; and secondly, that the shortest 
possible pressure rise for a given initial boundary layer is obtained when the skin 
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friction is continuously zero. The experiment, on the other hand, verifies that the 
shortest possible pressure rise for a given initial boundary layer is obtained when 
the hump in the dynamic head profile close to the wall has been reduced to zero 
and the dynamic head has become linear, at all positions along the wall; it is 
only the almost circumstantial evidence provided by the behaviour of the tufts, 
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FiaurE 10. Details of the flow with a slightly slower pressure rise. 


by substitution into the integrated momentum equation, by the steadiness of 
the pressure distribution, and by earlier qualitative ideas that the skin friction 
was related to the hump in the profile close to the wall, which confirms that this 
condition of a linear dynamic head coincides also with an effectively zero skin 
friction. 
A slightly more gradual pressure rise 

For comparison with the main test figures 10 and 11 show the effect of using a 
slightly more gradual pressure rise, the Reynolds number 2,U%/v being main- 


tained at the same value as before. 
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With the more gradual pressure rise the tufts indicated that the flow was very 
steady, the dynamic head profiles of figure 11 showing that it was appreciably 
away from separation. The effect of the skin friction on the increase of momentum 
deficiency was still small however, in comparison with the increase due to 
pressure gradient, as may be seen from the momentum equation in figure 11. 
It is not surprising, therefore, that the momentum thickness expressed as a 
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function of pressure recovery, as in figure 10, was only a little greater than for 
the main test. (Considered from another viewpoint, /U} is related to the energy 
7 $ 
dissipation, which in turn may be related approximately to | (Uy Uda 
J0 
At, say, C,, = 0-5, this last quantity had increased by only 8 °% between the two 
tests.) 

Although such a flow as represented in figures 10 and 11 would require a 
distance 50 °%, greater than for the flow with zero skin friction in order to achieve 
any specified pressure recovery, the pressure rise would still be very rapid, 
achieving, for example, a pressure recovery of (, = 0-3 ina length equal to 10°, 
of the length a), and C), = 0-5 in a length equal to two-thirds of 2. 
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FiGuRE 12. Some further dynamic head profiles. 


Increased divergence—the regime with a very high turbulence level 
Some further dynamic head profiles are shown in figure 12; these were all 
taken at different settings of the diffuser, profiles ‘a’ and *b’ each being for a 
slightly greater divergence rate than was used for the main test (figures 4 to 8). 
Profile ‘c’ of figure 12 is typical of the flow all along the test wall when the 
divergence was increased as much as was possible without producing a region 
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where the time-mean component of velocity was reversed. In this flow the tufts 
at the wall oscillated backwards and forwards violently indicating that the 
turbulence, if this name may be applied, was locally very intense. The static 
pressure as indicated by a sloping liquid manometer oscillated slightly; the 
maximum pressure recovery at each position was close to that for figures 4 to 8, 
while the minimum was approximately 7 °% less, the time-mean being 0-01 or 
()-02 less according to position. The flow as a whole, however, was still fairly steady. 
Since the pressure recovery at any specified position did not increase beyond 
that of the main test it follows that the increased divergence had been absorbed 
by an increase in the displacement thickness of the boundary layer. This is 
borne out by the shape of the profile: thus the dynamic head measurement was 
very close to zero for a depth of a } in. from the wall, while the value of H, = d*/0, 
had become 3-9, the largest measured in the experiment. 

An increase in the divergence of the diffuser beyond that for profile ‘¢° of 
figure 12 produced a narrow region of backflow all along the test wall; the pressure 
rise became erratic, although the maximum value at any position still remained 
close to that for the main test. At a still greater divergence a complete breakdown 
of the flow occurred, with loss of pressure recovery and severe large scale fluctua- 
tions in the flow pattern and pressure distribution. 

From a practical designer’s viewpoint it is reassuring to know that, for the 
flow with effectively zero skin friction, the boundary layer, by means of its 
‘elastic’ displacement thickness, allows some tolerance in the positioning of the 
wall. The tolerance is of the order of 10 °;, of the local boundary length thickness 
59.99. For a diffuser, the tolerance would be available presumably on only a part 
of the periphery, as otherwise the flow might become unstable, due to having 
exceeded the divergence for maximum (time-mean) pressure recovery. 


Mixing length distributions 
Finally, figure 13 shows the distributions of mixing length calculated from 
some of the profiles. By using the equation for the inner layer profile obtained in 
the previous paper the values of the mixing length near the wall are readily 
shown to be given by aL ( 2dC,/dx | 
(2) | a 
CY / 9 
where suffix 0 indicates values at y = 0. The values away from the wall have been 
obtained with the aid of a semi-theoretical estimate of the inertia forces in the 
inner layer. 

These distributions of mixing length will not be very accurate as two differ- 
entiations of experimental profiles are necessary, together with the assumption 
that the skin friction is precisely zero; moreover, for an examination of the flow 
which obtains before the onset of the intense turbulence the dynamic head 
profile must be just linear, a critical condition which is not easily set in the 
experiment. Of the distributions shown in figure 13 those for curve ‘b’ of figure 12 
and for *C,, = 0-200’ of figure 8 are close to this critical condition, for which the 
mixing length is seen to be not very different from that for the boundary layer 
on a flat plate. A more precise conclusion would not be justified by the evidence 
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available. For comparison Ludweig & Tillmann (1949) concluded for a turbulent 
boundary layer in a weak adverse pressure gradient that there was no change in 
the mixing length. On the other hand, for fully turbulent diffusers Squire (1950) 
and Stratford (1956) considered that the turbulence was greater than for the 
corresponding flow ina parallel pipe, Stratford (1956) suggesting that the increase 
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FiaurE 13. The turbulence level: some calculated mixing length distributions. 


in the mixing length exceeded 30 ©. It will be noticed that for none of the profiles 
in figure 13 is the value of (¢L/Ccy), less than 0-41, the value used for the flat plate 
boundary layer. The fact that # has been found to be less than unity in the 
present experiment is attributed to the rapid fall off in the mixing length away 
from the wall. 

When the divergence is increased beyond that for the critical condition the 
turbulence as represented by (¢L/éy), at first increases, as for profile ‘a’ of figures 
12 and 13, and eventually becomes of a higher order of magnitude, as shown for 
profile ‘c’, infinities nominally becoming involved. This type of behaviour 


supports the indication from the tufts. 
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Since the regime of intense turbulence does not cause an increase in the attain- 
able pressure recovery at any position it does not affect the condition for separa- 
tion; in particular it does not alter the theoretical prediction of the previous 
paper. There would, however, at a position of separation and flow reversal be 
a softening of the predicted discontinuity according to which éu/éy at the wall 


changes from infinity positive to infinity negative. 
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Ficure 14. Comparison with other pressure distributions. 


Comparison with other special pressure distributions 
von Doenhoff & Tetervin (1943) have derived equations for a pressure dis- 
tribution which would maintain the boundary layer at the separation condition, 
with similar velocity profiles, at all stations along the surface. In figure 14 this 
pressure distribution, calculated from their equations using the value H = 2-3, 
is compared with the pressure distribution of the present paper. At the fitting 
point the values of H and @ are common to the two boundary layers, and so it 
might be expected that downstream of this point the pressure distributions 


should agree. In fact, they disagree. 
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Examination of von Doenhoff & Tetervin’s analysis suggests that the derivation 
of this pressure distribution is not an appropriate application of their theory. 
Although the latter should be reasonably accurate for predicting separation 
when the profile shape is changing rapidly, there appears to be no evidence in 
support of their empirical auxiliary relations when a boundary layer near 
separation has a steady profile shape. In such a flow their relations become an 
extrapolation which, it would seem, could not be considered more than tentative. 

In figure 14 are reproduced two experimental pressure distributions of Clauser 
(1954); each of these distributions gives a constant shape in the outer part of 
the boundary layer downstream of an initial settling length. For his first experi- 
ment Clauser considers that the bounday layer is far from separation while, for 
his second experiment, although this is closer to separation, he considers the 
skin friction still to be greater than zero. It would seem, therefore, that the 
pressure distribution of the present paper could be considered a reasonable 
extrapolation to zero skin friction from the two distributions of Clauser. The 
difference in the Reynolds number between Clauser’s test and the present should 
cause only a very small effect. Comparison of velocity profiles using the variable 
adopted by Clauser, i.e. (w—U)/u*, is not possible as 1/u* (= ,/[p/79]) is infinite 
in the present test, where 7, = 0. 

Wortmann (1955, 1957) has produced pressure distributions for a constant 
form parameter Hf using the method of calculation of Truckenbrodt (1952). 
Although exact comparison is complicated by interpretation of the conditions 
at transition, Wortmann’s experiments being for laminar flow aerofoils on which 
the close control of transition presented some difficulty, it would seem that the 
steepest pressure rise used by Wortmann is intermediate between Clauser’s and 
that of the present experiment. Speidel’s (1955) test of an aerofoil designed by 
Wortmann also appears to have a more gradual pressure rise than in the present 
experiment. Some of the difference in the rates of pressure recovery is probably 
due to the difference in Reynolds numbers. 

The results of the present experiment check quite accurately both within them- 
selves and with the predictions of the previous paper, and they are in at least quali- 
tative agreement with Clauser’s results and with the distributions of Wortmann. 
However, it would be desirable to have confirmatory evidence from a surface 
of larger aspect ratio before the accuracy of the present paper were regarded as 
established. 

The value of nin the flat plate relationship, u/U, = (y/d)" 
Profiles were analysed for two positions upstream of the position x = 2p, 
figure 15 showing logarithmic and direct plots for a Reynolds number of 0-64 x 106 
(= 10°). It was concluded that the relation adopted in the previous paper, 
i.e. n = log,) R, was reasonably satisfied near R = 10°. 


The experiment described in this paper was carried out in the Aeronautics 
Department of Imperial College, London. The author is indebted to the staff 
of that Department for stimulating criticism and advice, and to the Department 
of Industrial and Scientific Research for a grant which enabled the work to be 


undertaken. 
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FicurE 15. The value of ‘n’ when R = 0-64 x 108. 
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Two solutions for inviscid rotational flow 
with corner eddies 
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The steady rotational flow of an inviscid fluid in a two-dimensional channel or a 
circular tube toward a sink is treated. The velocity distribution at infinity is 
approximated by a cosine curve (which is nearly parabolic) for the two-dimen- 
sional case, and is taken as exactly parabolic for the axisymmetric case. The 
dependence of vorticity on stream-function is assumed to be everywhere the 
same as it is for streamlines coming from infinity upstream. The resulting linear 
equations of motion are solved exactly. The solutions show the rather unusual 
features of separating streamlines and regions of closed flow (corner eddies). 


[t is well known that, for a viscous fluid flowing in a channel or pipe with an 
abrupt contraction, eddies occur at the corners immediately preceding that 
contraction. The occurrence of such eddies, and their shape and size, are probably 
influenced strongly by the rotationality of the flow far upstream, and the inten- 
tion in this note is to show two simple solutions which throw a little light on this 
influence. Since we are interested here in the effect of upstream vorticity only, the 
direct effect of viscosity will be ignored, although the distribution of vorticity far 
upstream will be assumed to be the same (or nearly so) as it would be for a fluid with 
viscosity. The particular flow to be studied is that of an inviscid homogeneous 
fluid in a long channel or pipe toward a sink in the middle of a wall across the 
channel. Under these assumptions, exact solutions of the governing differential 
systems (assumed to apply to the entire region of flow) will be seen to show the 
existence of separating streamlines and regions of closed flow or corner eddies. 
(For another instance of corner eddies, in stratified flow, see Yih (1958).) No 
singular surfaces occur in the flow (nor could they, in view of the assumption 
made about the dependence of vorticity on stream-function), and the solutions 
to be given are unlikely to represent the corresponding flow of a real fluid at large 
Reynolds number; this is part of the penalty for neglecting viscous forces 


entirely. 


Two-dimensional flow into a line sink 

In this section we consider steady two-dimensional flow in a long channel with 
half-width equal to unity terminating in a wall with a symmetrically placed line 
sink. The origin of a system of Cartesian co-ordinates is taken at the sink, with 
the centreline of the channel as the x-axis (see figure 1). 
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If ¥ is Lagrange’s stream function, the equation governing steady two- 
dimensional flow of an inviscid fluid is 


Vey = +55 =SW), (1) 


where —f (i) represents the vorticity and depends on yy alone. The velocity 
distribution far upstream from the sink should be parabolic if it is to be made the 
same as that for the laminar flow of a viscous fluid in a long channel. However, 
a parabolic distribution of the upstream velocity would make equation (1) non- 
linear and preclude the possibility of a simple solution. Since we are looking here 


4) 
11-0 








08 


0-6 








0-4 

















-18 —16 —1-4 —1-2 -1-0 - 0-8 06 —04 | 0 


FicuRE 1. Pattern of two-dimensional flow into a sink. 


for the effect of non-uniformity of the upstream velocity, a cosine distribution, 
which is nearly parabolic and makes equation (1) linear, can usefully be assumed. 


If the upstream velocity U is measured in terms of the centreline velocity L 


max? 
the dimensionless upstream velocity is then 
a 9 
«= U/U,,. = cos day, (2) 
which vanishes at the walls (y = +1). The corresponding (dimensionless) stream 
function far upstream is then 
ry 
far ase anc 1 ay 3. sy 1 2 
y= | cos 4tmydy = (2/m)sin hzy, (3) 
J0 
and the vorticity is —V2yr = drsinday = 4ay. (4) 


Thus the function f(y) is equal to — }7?1y not only far upstream but everywhere, 
and equation (1) becomes ave D 

: ) V2 = —47° 
The boundary conditions on 1 are 


(i) y—(2/m7)sinijay as r> -, 
y nm) for y= +1, 
Zin) for gO and «z= Q. 
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Solution of equation (5) by the method of separation of variables yields 


feo] 
Wy = (2/m) sinhay+ DY C,sinnmyexp {(n?—})t a2}, (6) 
n=1 
which satisfies (i) and (ii), and is an odd function of y. It is therefore only necessary 
to determine the C,, to satisfy 


S C,, sin ny = (2/7) (1-sinimy) (0 <y < 1), (7) 

n=1 

4 COS n7T 
4n?—1)° 


a ee eee = , 
which yieids C, = ae (8) 
Equations (6) and (8) constitute the solution. The flow pattern for half of the 
channel is shown in figure 1, in which the corner eddy is evident. The point of 
separation is at infinity upstream. 

It should be noted that, since the flow in the eddies does not originate at infinity, 
there is no a priori reason why equations (4) and (5) should govern the flow in the 
eddies. The details of the eddy flow may be significantly different from those given 
by equation (6) (see Batchelor 1956), and the solution (6) is likely to be valid for 
a viscous fluid at high Reynolds number only for the region outside the corner 


eddies. 


Axisymmetric flow into a point sink 

In this section we consider steady axisymmetric flow in a long circular pipe 
with unit radius terminating in a wall with a point sink at the centre. The point 
sink will be taken to be the origin of a set of cylindrical co-ordinates, with the 
centreline of the pipe as the z-axis and with the radial distance therefrom denoted 
by r (see figure 2). 

If yy is now Stokes’s stream function, steady axisymmetric flow of an inviscid 


uid is governed by the equation 
a ae eh tee me oY), (9) 


where rF(1/) represents the vorticity and F depends on yy alone (Lamb 1945). The 
velocity distribution far upstream can here be assumed to be parabolic, as for the 
laminar flow of a viscous fluid in a long pipe. so that the dimensionless velocity far 


upstream is ogee 2 
w= W/W. = 7-1. (10) 


max 
The corresponding dimensionless stream function far upstream is 
uy = 4r?—}r4, (11) 
and the vorticity there is — 27. Thus the function F is constant (— 2) far upstream 
and hence everywhere, and the equation governing the flow everywhere is 


it eh =r. (12) 














(6) 
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The boundary conditions are 


(i) w>hr—-}r* as z> 0, 
(i) Y=} for r=1, 
(ili) Y=} for z=0 (O<r<¢l). 
Solution of equation (12) by the separation of variables yields 
a . 
ue = dr? — dr4+ Y C,rJ,(A,r)exp(— A,2) (13) 


n=1 
which satisfies (i) and (ii) if A, are the zeros of J,(A). The coefficients C,, are 
determined by the condition (iii), and we find 


SJ, (/ 
( y = : l ig : 0 =) 
: 2, JS2(A,) AS 


it 


(14) 
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FIGURE 2. Pattern of axisymmetric flow into a sink. 
by multiplying equation (13) (withz = 0) by J,(A,,7), integrating between 0 and 1, 
and using the orthogonality of the functions J,(A,,r). The detailed calculation for 
C,, involves integrations by parts and some known relationships for J, and J,, and 
is omitted because it is straightforward. Equations (13) and (14) then constitute 
the solution. 

The flow pattern for half of the meridianal plane is shown in figure 2, in which 
the ring-shaped corner eddy is evident. The point of separation is again at infinity. 
Again, the solution is strictly applicable to a fluid of small viscosity only outside 
the region of the ring eddy; equation (12) has been assumed to be valid for the 
whole field of flow, but the solution shows a region of closed flow where the 
vorticity is not determined by conditions far upstream and there is no a priort 
reason (other than convenience) why equation (12) should be applicable. We 
note that equation (12) does state that the vorticity is proportional to r every- 
where, and therefore in the eddy in particular, which coincides with the exact 
result for flow with closed streamlines at high Reynolds number (Batchelor 
1956); however, the constant of proportionality is also fixed by equation (12) and 
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is unlikely to have here the value that would be required for a fluid with non-zero 
viscosity. As in the two-dimensional case, the flow shown in figure 2 is free from 
singular surfaces. 
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The structure of the jet-stream in a rotating fluid 
with a horizontal temperature gradient 


By RUTH H. ROGERS 


Department of Mathematics, University of Manchester* 
(Received 28 June 1958) 


The jet-stream in a rotating fluid is treated as a thermal boundary layer, but 
viscous effects are omitted from the first approximation. A theoretical justifica- 
tion for this treatment is presented, and a particular solution of the resulting 
equations is found. This solution is shown to give a reasonable picture of the flow 
in the neighbourhood of the stream far from solid boundaries. 


1. Introduction 

The problem of the convection of a rotating fluid subject to differential heating 
has been considered in recent years by workers in two fields. Meteorologists are 
concerned with a rotating atmosphere heated from below: heat is supplied at the 
equator, and is removed to outer space via the poles. Geophysicists are concerned 
with the motion of the earth’s core, which also rotates and is assumed to be 
differentially heated. Both groups of workers have devised laboratory experi- 
ments to investigate the problem more thoroughly, and although the method 
of heating varies, the phenomena observed are essentially the same. The experi- 
ments have been described by Hide (1956, 1958), Fultz (1951) and Riehl & Fultz 
(1957). 

In each case, the motion relative to the rotating apparatus is observed to be 
symmetrical about the axis of rotation (which is vertical) for sufficiently high 
Rossby numbers. The appropriate parameter, which is related to a Rossby 
number, has been expressed by Hide in the formy 


gd Ap 


= 4w?(b — a)? Po ; 


6) (1) 
where g is the acceleration due to gravity, d is the depth of the working fluid, 
is the angular velocity of the apparatus, a and 6 are the radii of the containing 
cylinders, Ap is the applied horizontal density difference across the cylinders, 
and py is the mean density of the fluid. He finds that the flow is symmetrical when 
() is greater than 0-4. When @ is less than its critical value, the motion becomes 
asymmetric relative to the apparatus: most of the motion is concentrated into a 
narrow stream which meanders from boundary to boundary forming a number of 
equal lobes. A picture of the surface of a three-lobe formation obtained in experi- 
ments by the author at Manchester is shown in figure 1 (plate 1). By analogy with 


* Now at Royal Aircraft Establishment, Farnborough, Hants. 
+ Hide defines © as four times the value given in (1). 
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similar narrow streams sometimes observed in the atmosphere, this is usually 
called the ‘jet-stream’. There is some doubt as to the accuracy of this analogy, 
because there are so many more variables in the atmospheric motions than in the 
experimental flows (for example, in the atmosphere the Coriolis parameter varies, 
and there are considerable surface irregularities not present in the laboratory 
experiment). It seems likely, however, that some of the atmospheric jet-streams 
have similar causes to the experimental ones. There are slow circulations in the 
remainder of the fluid, but these are very small. Similar streams have been 
obtained by Fultz, although his method of heating is slightly different from that 
of Hide; he supplies heat from below the fluid, in an attempt to simulate more 
closely the conditions in the atmosphere. 

The theory of the symmetrical mode of flow has been studied in detail by 
Davies (1953), by Lance & DeLand (1957), and by Lance (1958). The instability 
of this flow has been investigated by Davies (1956), Chandrasekhar (1953) and 
Kuo (1954). But no completely successful attempt has been made to solve the 
problem of the existence of the jet-stream itself. This paper is an attempt to find 
some simplifying assumptions which may help towards a solution of this problem, 
but does not claim to do more than suggest an approach. 

The equations of motion are first put into a non-dimensional form containing 
the parameter ©. Approximations are made by taking © to be small, and then 
expanding in powers of Q. A particular solution of the first approximation is 
found in the form of a jet-stream, and this can be valid in the stream itself except 
where it meets the boundaries. The vertical velocity vanishes in the first approxi- 
mation, but is given in the second. It is also shown that the equations of motion 
of the atmosphere can be reduced to a form identical with that discussed here, so 


that a similar solution exists in this case. 


2. The equations of motion in the laboratory experiment 
The liquid in which the motion takes place is assumed to have a constant 
coefticient of thermal expansion, %), so that its equation of state is given by 


[Pe Po— %o(T' — T)), (2) 


where p is the density corresponding to the temperature 7’, and pp, T, are reference 
density and temperature. This isa good approximation for all liquids except water 
near its freezing-point. 

It is contained between coaxial cylinders of radii a and b, and has a depth d; the 
upper surface is free. The common axis of the cylinders is vertical, and the 
apparatus rotates with angular velocity w about this axis. We choose a right- 
handed system of Cartesian axes Oxyz, which rotates with the apparatus; Ox is 
chosen to be along the surface jet-stream, and Oz to be vertically upwards. The 
sense of Ox is the same as the direction of rotation. A more precise specification 
of the axes will be given later: here we have only that the direction of motion is 
roughly along Ox, and that density and velocity gradients are essentially parallel 
to Oy. This is sufficient to allow us to make a boundary-layer type of approxima- 


tion later. 














The jet-stream in a rotating fluid 43 


It is easily shown that, in a liquid, the effect of variable density enters the 
equations of motion only in the buoyancy term. In the horizontal momentum 
equations, and in the equation of continuity, then, we can replace p by its mean 
value, which we choose to be the reference density py of equation (2). 

The effect of rotation is evident in the Coriolis and centrifugal terms in the 
horizontal momentum equations. Since only low rates of rotation are considered, 
the centrifugal terms are neglected, as is usual also in the equations of motion of 
the atmosphere. This is justified by the experimental observation that the surface 
of the rotating fluid does not assume the form ofa paraboloid significantly different 
from the special case of a horizontal plane, for rotations at which the jet-stream 


occurs. 
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FiGuRE 2. The co-ordinate system. 


At this stage we can write the equations of horizontal momentum, the hydro- 
static equation of vertical equilibrium, the equation of continuity, and the 
equation of heat transfer in the form 


cu ou Cu 1 op O2u d2u dru , 
Ux~—+vU5 U—— 200 = == 5 +[-4+; ni Ye =) (3) 
0a oy Oz Po Cx ox? dye Ca 
Ov ou ov Le p On O20 C2 
Ca ee TU Sho aan er are + v( ee 91 -A 5) (4) 
Ca oy Z Po Cy ox® oy* cz" 
lop 
v= =— = I - (5) 
poz 
cu a Cu > 
= +- — = Q), (6) 
OX cy Cz 
or a7 oT eT oT fT 
Ox cy Cz Ox" oy* 02° | 


where p is the pressure at the point (x, y, z), u,v, w are the components of velocity 
of the fluid parallel to the axes at this point, v is the kinematic viscosity of the 
liquid and « its thermal diffusivity. It is assumed that the motion is steady, and 
that the frictional dissipation terms in the equation of heat transfer are negligile. 

An immediate simplification to these equations can be made by theassumptions 
of boundary-layer theory. We note that v is very much smaller than u, and that 
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variations of the dependent variables in the direction of Oy are much more rapid 
than in the directions of Ox and Oz; but we assume that 0u/éx and ov/dy are of the 


same order of magnitude. The momentum equations (3) and (4) then reduce to 


Ou eu C lop cu 
U = va +w——20v = - tv, (38) 
OX oy CZ Po CX oy* 
1 cp 
2mu =— = (9) 
PolY 
and the heat transfer equation (7) becomes 
oT oT oT eT 
u—+vu—+w—=K=>5. (10) 


We can incorporate the equation of state (2) in the hydrostatic equation (5) 
to give ss 


Io — 9%o(T — Th) Ear rene (11) 


The equations (6), (8), (9) and (11) can now be rearranged in the form 


, 1 a iis T oe 12 
Jo = J(Py t+ Xp o) oe? (12) 


I ¢ 
Cee, (13) 
=P CY 
] (2 Cp cCpcp vp op w Cp 


l Cp 8w3p2 cy Cxcy Cx cy? 40", cy 40 po C y Cz 








Y a Te (14) 
Ser See 
40"py cy” 
l Cp cp Cpc*p Vv Bp uw C*p 
ow 7 0 | 8w8p? \cy cxcy er cy 7 te? py, cy? 7 4p, CY Cz (15) 
C2 cy 1 dp 


Ee eR Pe 
40 Po CY 


Formally, the problem is now solved: for (12) and (13) give 7 and u in terms of 
p, (15) can be solved to give w in terms of p, and then (14) used to give v in 
terms of p. It then remains only to substitute these expressions for 7’, wu, v, w 
in the equation (10), and solve the resulting equation in p. Unfortunately, this is 
intractable, and we have to simplify further. 

We look for further simplifying assumptions by defining non-dimensional 
co-ordinates (X, Y,Z), velocities (U,V, W), pressure P and temperature 7, as 
follows. We take first 


xz=k(b-—a)X, y=(b-a)Y, z=4dZ, (16) 


where k is a scale factor to be defined more precisely later; here we note only that 
k is very much greater than unity. Then we take for the velocities 


20(b— 20 . 
u=2w(b-—a)U, v= _ ‘ oy w= on ‘ (17) 








14) 





The jet-stream in a rotating fluid 45 


where k’ is another scale factor; k occurs in the denominator of v, so that du/dx and 
cv/cy are of the same order. Finally, we take 


P = —G(Po+%T)z+(gdAp)P, aT = Apr, (18) 


where Ap is the density difference corresponding to the applied horizontal tem- 
perature difference A7’. Substituting in the equations (12) to (15), we obtain 


_ oP 19 
ea ati 
aP 
U=-0-—, 20 
oy (39) 
aP a A2P 
V=0 : _* ow. od +029, (21) 


ox: & cYoZ 
cP c2P cP o2zP ps) c8P 





eYoXeY oXoY? » pays 
where P= [oo hike <5 go : 5 (21a) 
1+ ~) = > 
( aye 
kow - @2! p 
k' oZ oO) 


where o = v/xk is the Prandtl number of the fluid. Introducing the non-dimen- 
sional variables, and substituting for U’ and V, in (11), we have 


Oke ee ee el 
ayox ay \ex vw oven *°" ) +H"  gddp oye 


We can now be more specific about the scale factors k and k’. Since k’ occurs only 
in the ratio k/k’ when this multiplies W, we can take k = k’ without loss of 
generality. The factor k occurs only in the expression 2wxkp,/gd Ap. It seems 
reasonable, then, to define 

k= gdp (23) 

2WKPo 
This ratio was found to be of the order of 1000 in the experiments carried out in 
Manchester by the present author, and so satisfies the condition that k is very 
much greater than unity. This definition implies that the terms on both sides of 
equation (22) are of equal importance; that is, that transfer of heat occurs both 
by conduction and convection. It follows immediately from (21) and (21a), that 
the viscous terms are of the same order of magnitude as the inertia terms (as long 
as o does not differ greatly from unity). If a smaller value of k is chosen so that 
the conduction term on the right of equation (22) is negligible, that is, if 
renal 

"Seem * 
then the viscous term in the expression for is also negligible compared with the 
inertia terms, unless o is much greater than unity. If k is very much larger than 
the value given in (23), so that the convection terms on the left of equation (22) 
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are negligible, then the temperature field is independent of the velocity field, and 
viscous terms may be of importance. These are the assumptions made by Davies 
in his theories of the symmetrical regime and its instability. We now have the 
simpler expressions for V, A and 6W/cZ, as follows: 


V = il OW oe . C2P (24 
ag lialieall - 


oP POP eP OP 
oYoXoY oXcoY2? oY3 





where PF = TTOmP hy? : (25) 
CW @227 . 
| a = ar (26) 


Equation (22) can be written 


oP @P | OP (oP _ yy @P 
OY OX0Z  dYeZ\ox cYeZ 


2P cP 


ne 
+0A7)i+W— ==: 
oZ2 dY*0Z 


(27) 


The only parameter entering into this set of equations is ©, and this is known 
to be small. It seems reasonable to look for a solution in powers of ©. We write 


P = P,+OP,+6*F,+..., 


so that T =7T)+07,+4 Or, Wr sila 
U = 0U,+07U,+0°U,+..., 
V = 0)+07,4+09%+..., 


W = OW + O2W, + O3W,+.... 


These variables sat isfy the equations 


oP, _ _2P, _ _ @P, 
To AV Ag i: Sco OZ,’ T2 - OZ tees 
cP. oP. oP. 
l eer, Uma, | et 
0 y } 1 A) Y 2 oy 
eR . oP . @P 
N= sy" V, = ay tMoxyag+ Po 
ow, - ow, 7 _0Py 
oZ > AZ oY 
a , oP, OP, co, OP, 
where Ff, = AV aXOY aX dY? o~V3" 


We have from (27) that 


OP, PP, chy OP (Phy (of \* OF sis 
ay axeg* axoYeu* aa ~ (ayez) ~ O¥20Z’ (28) 


and more complicated expressions relating W, and P,, etc. 
In the first approximation we have 


—*=0 or W,= constant: 





fad 


24) 
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it follows at once that W, = Oeverywhere. Equation (28) now simplifies further to 


OF) OF) hy Oh _ fy (29) 
See ee ee ee ee ae es oe 
CYoXeZ cXoYeZ aY*ceZ 
If this equation can be solved, an expression for A, can be obtained, which can be 
used to find the form of oW,/¢Z without difficulty. We have 


aW, 0 (OP, OP, OPP, eP, 


az ~ oY \oYaXoY oX oY? * ays) a 


It is difficult to define precise boundary conditions at this stage; they will 
depend to a considerable extent on how much of the motion we try to describe 
by the above equations. Further discussion of this problem is postponed until 
a solution of (29) has been found. 

T. V. Davies has pointed out that in the first approximation, the equation of 
heat transfer can be written in the form 

CpoT cpeT . 

Oy ou cacy 2upok | a3 “ 

where the term representing conduction in the vertical is now the only one 

omitted. This equation is left unchanged by a conformal transformation in the 

ay-plane. It follows that we lose no generality by taking rectangular axes, and 

assuming that the stream flows parallel to Ox; for any solution so obtained is still 

valid after a conformal transformation designed to transform Ox into some other 
curve. 

If the first approximation is used with the equations in cylindrical polar form, 
and we assume that variations with respect to r are much greater than those with 
respect to 7, the fundamental equation to be solved for p is 


i Ni — ‘ ; 
op o-p op o-p Oo o-p 
oF bt cf = I = 2upyk — (rz I ). 
or o0cz oorez or\ ordez 
Writing R = log r, this reduces to the form 

Op Op Op Op O*p 

a ta = 2K apr (31) 

ORoOcz cO0RCz ORdz 

and this is of the same form as in local Cartesian co-ordinates with y replaced by 


R = logr, and z replaced by @. 


3. A particular solution of the approximate equation 

We have essentially to solve equation (29), but it is more convenient to return 
to physical variables at this stage. In the first approximation, we have to neglect 
all inertia terms and viscous terms in equation (8), put w = 0 in (10) and leave (9) 
and (11) as they stand. We can eliminate the hydrostatic part of the pressure from 
the problem by writing p = —G( pp + %qT)2+Po- (32) 


1 a“ 
Then (11) becomes Gel = — <Po (33) 
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and equations (8) and (9) give 


1 Op 
"Po ‘ 
v=5 =. (34) 
2WPo CX 
The equation of continuity (6), is automatically satisfied, since w = 0. The heat 
transfer equation (10) now gives 


Mad fail 5 PPO fap k +. (35) 
OY CXCZ v CI Cy” Cz 
One of the properties of the jet-stream of the experiments is its approximately 
constant width. This suggests a solution of the form 


Po = Py(2, Zz) Ply). 


Such a solution of equation (35) is possible if 


lp, dp, 
Data 2. 
“dy dy? 


This implies that either p(y) = tan(y/y,), which does not correspond to the 
physical problem, or 
poly) = tanh (y/y¥), 
where y, is an arbitrary constant. Taking this value of p., (35) becomes 
CP1CPy _ _ APoK CP) 


C2 Cz Yo C2 


the general solution of this equation is 


4WPyK F, (x7) + G, (Zz) 


) vs 
} 1 Yo Fy(x) 


where F\(.), @,(z) are arbitrary functions of x, z respectively. We have, therefore, 
a solution of the form 
_ dmpok F(x) + G,(z 


Po = ~ h?. (36) 
y F}(x) ‘ 


The corresponding values of 7’, wu, v are given by equations (33) and (34) in the 
form 


4ipyk G(z 
JYo 


to I ic 


2k F(x) +G,(z 


Yo 


tanh Y ; (39) 
Yo 
This is the simplest solution we can find of the equation, and it is worth con- 
sidering its nature. It certainly describes a jet-stream in the direction of Oz, 
which is a streamline, an isotherm, and a line of maximum velocity. There is a 
horizontal temperature gradient across the stream of magnitude 


oT 4up,k G)(z 2 
g _  — Po : AA ) sock? ye (40) 
cy JX%o Yo I 1(2) Yo 
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and the temperature itself approaches a limit on each side of the stream. The 
‘width’ of the stream can be taken as 3y, since sech? 3 = 0-01 and tanh 3 = 0-995; 
so, for |y| greater than or equal to 34, u and 07'/¢y are less than 1 °% of their values 
on y = 0, and T is within } °% of its limiting value. The cross-velocity, v, is an odd 
function of y, so that there is either an inflow towards y = 0, or an outflow from 
y = 0; this solution gives no velocity across y = 0. 

The general functions F,(x) and G,(z) are difficult to determine, because of the 
lack of precise boundary conditions. It is convenient to discuss them in terms of 
the density difference across the stream 

(Apy = SePok Sil2) (41) 
gy Fy(x) 
and the velocity on the x-axis 
_— ee, (42) 
Yo F(z) 

The function G}(z) can be left arbitrary: in the Chicago experiments of Fultz 
and his co-workers, where the fluid is heated from below, it is certainly not 
a constant; in the Cambridge and Manchester experiments, an attempt to make 
the boundary temperatures independent of z is made, but there are certainly 
vertical temperature gradients in the fluid. It is of interest, however, to note that 
there does exist a formal solution for the case in which there are no vertical 
temperature gradients; in this “ase, the velocity increases linearly with z. We 
note that the vertical conduction term 6*7'/éz? in the heat transfer equation is 
then identically zero (not merely negligible, as assumed in the derivation). 

The function F;(2) is more troublesome. We note first that F}(x) has always the 
same sign (or is zero), since (Ap)’, as given by (41), cannot change sign with x. It 
follows that F(a) is a monotonic function of 2, and cannot be periodic. Hence, 
either F,(x)/F (2) or F(x) itself is monotonic, and uw cannot be periodic in 2 as 
long as it is continuous. Since the jet-stream touches one or other boundary at 
certain values of x, and there is a sudden temperature change at such a point, it 
is not unreasonable to obtain discontinuities in the solution. 

As a possible example, we consider 


Fy(x 
1 ) =A+Bcos2mxr (B <A). 
F(z) 
After integration and some manipulation, we obtain 
a A+Bcos 2mx 4 oe 
F(z) 
where a27=A+B, PP? =A-B, tand = (A/a) tanme. 


If we always choose — $7 < @ < 37, then the exponential factor in the expression 
for 1/F'j(x) is periodic, with a period in x of 7/2m; the cos 2mz term has a period in 
x of 7/m. As x increases, the exponentiai term decreases—this corresponds to a 
decrease in 1/F’(x),and hence in (Ap)’, as the stream gets further from a boundary. 
When it reaches the other boundary, there is a sudden increase in (Ap)’—that is, 
a discontinuous increase in 1/F'j(a). The factor (A + Bcos 2mz) oscillates about 
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the constant value A, never changing sign; it has twice the period of the ex- 
ponential factor, and passes through the value A at each discontinuity of 4. The 
way in which # varies with x is shown in figure 3. 

Wecan consider one interval of this solution only, taking — (77/2m) < a2 < (7/2m), 
say. If Bis very much less than A, so that / is approximately equal to x, we can 
write / = /imx/x approximately within the interval; also, to this approximation 
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FiGcure 3. The variation of the function 6 with a. 
This gives, for 7’, uw and v in any interval far from the boundary 
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Such a solution implies that during the passage from one boundary to another, 
the temperature difference across the stream, and the velocity u decrease slightly, 
and that there is an outflow everywhere which also decreases in magnitude as 
xincreases. (In the experiment, there is almost certainly a cross-flow, but this may 
appear in this solution only in the second approximation.) The approximate 
particular solution of equations (43) can be fitted into the experimental pattern 
as shown in figure 4, where the dotted lines indicate the slow circulations which 
take place outside the jet-stream. 

It is not suggested that this is the best form of the function F,(2), but it is put 
forward as a possible one; it is probably the simplest. The jet-stream described 
by this solution does not obviously differ from that observed in a fundamental 
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way, although the mechanism of transition between the jet-stream and the slow 
circulations described above is not obvious. 

We can relate the solution of equation (43) more closely to experiment, if we 
incorporate the constant C in the arbitrary function G,, and write 


4 ; n 
Pol A = 1 Ap, 
GY ‘. 
YoX 
or A= = - Yor (44) 
SwWpgk 
Then we have aT = — ApG{(z) e-*4 tanh y/ yo, 
gA 
— gap (1+ G,(z) e-*/4) sech? y/y, 
4p 
2K 
v = —G,(z)e-“4 tanh y/yy. 
Yo 


' u gy,Ap A 

We note that aw c=, 

VU SWKPg ——-Yo 

and this is to be compared with the scale-factor / defined by equation (23). It is 
certainly smaller than k, by a factor of y,/4d, but is probably still large enough to 
justify the retention of the conduction term, A study of the separate terms of the 
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Fraure 4. A particular solution of the first approximation. 


heat-transfer equation indicate that the conduction is balanced entirely by the 
convection due to the part of w which is independent of z (this is true of the 
general equation); since wu varies considerably with height, it seems likely that 
this is the smaller term, and this is consistent with a small conduction term. 

We can equate A, which is essentially the scale of x, to 7(5+a)/n, where n is the 
number of lobes in the pattern, and obtain an order of magnitude for the width of 
the jet-stream, 3y). We have 

mM(b+a) gy2Ap 


n SWpyk 
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This gives y, of the order 0-6 cm, and the width of the stream of order 2 cm; this 
is in agreement with experiment. 

In cylindrical polar co-ordinates, we can use equation (31) instead of (35), to 
obtain a solution of the form (37), (38) and (39), with x replaced by 4, and with 
tanh (y/y,) replaced by 


> 


tanh (log rv) = (r*v — 1) (r2¥ + 1), 


where y is an arbitrary constant. The necessary discontinuity with respect to 


4 makes this solution impracticable. 


4. A generalization of this solution 
3y inspection, it is easy to generalize the solution (36) of equation (35) to the 
form 


FE C) + G Zz —_ (xr 
eal . 12) | tanh” Yi\®) _ Py2| + F(x) + G,(2)| , 
hk 1( v) Yo( x) Y(*) 7 ' mn 


Po — 4ipyk 
(45) 


where F,(x), F(x), yo), y,() are arbitrary functions of x, and G,(z), @,(z) of z. 


The other variables are then given by 
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We consider the effect of the new functions introduced into the solution, and shall 
show that most of them can be ignored. 

The function G,(z) does not appear in the expression for the velocity; its effect 
is, then, to allow an overall variation of temperature (and hence pressure) in the 
vertical. As with the function G,(z), it is difficult to find suitable boundary 
conditions, and it may be left arbitrary. No doubt the form of G@,(z) in experiments 
where heating is from below differs from that when the applied heating is purely 
radial. We note that the form of the function @,(z) does not alter the expression 
for the density difference (Ap)’ across the stream, as given in (41). 

Since the width of the jet-stream is proportional to yo(a), we can regard this 
function as applying to a jet-stream of variable width. As stated in the previous 
section, the width of the stream in the experiments varies very little. and so we 
can take y,(7) = yp,a constant. Inatmospheric jets, however, it may be necessary 


to retain the function, as shown in §6. 
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The jet form of the solution now has its maximum value of u about y = ¥,;(2), 
instead of about y = 0; since the solution is based on the assumption that the jet 
is more or less parallel to y = 0, it follows that the two curves are nearly parallel. 
This means that y{(a) cannot be large. We can introduce the function, then, to 
introduce a small curvature of the jet-stream. A large departure from y = 0 must 
be dealt with by means of a conformal transformation, as explained in §2. 
The nature of the function F,(2) can be seen most readily if we write 
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FiGuRE 5. The cross-flow in a more general solution of the first approximation. 


Then, if y, is a constant, we have 
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We see that the function f’() implies an overall variation of T with x, and a cross- 
flow term inv. As the stream travels from the hot to the cold boundary, we would 
expect f’(a) to decrease; it follows at once that f”() is negative in this case, and 
a positive value of v results. Conversely, there is a negative value of v as the 
stream approaches the hot boundary. The cross-flow therefore corresponds to 
a small circulation of the whole fluid as shown in figure 5. This cross-flow is, of 
course, superposed on the out-flow or inflow corresponding to the solution of §3. 
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We note that on the line y = y,(x), the slope of the isotherms and that of the 
streamlines are the same, and are given by the expression 


dy 


= Y3(x) + Ye Fy (x) f" (2). (52) 
da 


The line itself is not itself a streamline or an isotherm unless 
Y,(2) + Ye F(x) f"(x) = 0. 


If this relation holds, however, the line is both a streamline and an isotherm, and 
this does not agree with experiment. 


5. The second approximation: the vertical velocity 

The variation of the vertical velocity with height is given in terms of the non- 
dimensional variables by (30); the corresponding relation in terms of the physical 
variables is 
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where py is given in the first approximation. We can write this in the form 
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is due to the viscosity. Since this term contains a derivative of p, of higher order 
than the original equation for p,, it is doubtful whether we can include the 
viscous effect in this form. An alternative method would be to replace the term 
vo*u/oy? in the x-momentum equation by Ku, where K is a friction constant. In 
this case we have ; ie 
ow, = . Po (54¢) 
eo 40“po cy 
30th forms of the term will be discussed. 

Substituting the solution given in equations (50), (51) into (54a), and taking 
Yr) = Yo. A constant, we have 
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We note that this can be expressed in the form 


ad a uv tanh? 4 — AW) | 3 u® F(x) f"(2). (55a) 
Cz oy Y= 
This consists of two terms, the first corresponding to the jet part of the solution, 
and the second to the cross-flow part introduced by the function F,(2x) of §4. 
The sign of the cross-flow part is therefore negative (suggesting downflow) when 
the stream approaches a cold boundary, and positive (suggesting upflow) when 
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FicureE 6. The cross-circulation in the second approximation, due to inertia forces. 


the stream approaches a hot boundary. Its magnitude is large near y = y,(2), 


and falls off rapidly as |y—y,(x)| increases; it is an even function of y—y,(2). 
The jet part of (55a) has the same sign as wv; it varies across the stream like 


~ nl) tanh? 4 — (2) R 


Yo Yo 


oY 
—sech? 


when there is outflow in the first approximate sviution (as in the solution of 
equation (43)); this gives values for w near z = 0 as shown in figure 6. This 
suggests a cross-circulation as shown by the dotted lines, and this is consistent 
with the observations of Riehl & Fultz (1957). It is assumed that the velocities 
given by the second term of (55a) are superposed on this circulation, but do not 
alter it essentially; certainly in the mean with respect to z, they will not do so, as 


the term changes sign. 
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The viscous term as given by (54c) becomes 
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This gives a cross-circulation similar in form to that of figure 6, though the 
maximum value of |dw,,/0z| occurs for a different value of |y—y,(x)| from that for 
which |¢w,/éz| is a maximum. It follows that, if this is the correct form for the 


viscous terms, the cross-circulation is similar to that given by figure 6. 


a i =a ae. yo ee _ ig —_—— 
/ / \ \ f 
/ ¥ / , / 
Cold 4 [ ys | a A . Hot 
A \ \ / \ 
4 Tee P K J \ Ps Pi 
” pai peel “-—< > 
JT \ fo 
/ |) f * 
/ h 
| i 
\ h 
att hy | \| ti.waktk 
on ae ee i334 45 = See SS L_wWaAs £2 2 2 
) Ox ’ m 


Fiaure 7. The cross-circulation in the second approximation, due to viscous forces 


proportional to ¢?u/cy*. 


If we can keep the viscous term in the form (546), we have 
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This suggests a vertical velocity distribution and cross-cireulation as shown in 
figure 7. This is not outstandingly different from that of figure 6, at least in the 
centre of the stream. In any case the two circulations must be superposed, and it 
seems likely that the small circulations away from the centre in figure 7 will be 
swamped by larger velocities of figure 6; if this is so, figure 6 again gives a qualita- 


tive picture of the circulation. 
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The validity of expanding the solution in powers of © is not discussed here; it 

is assumed that the expansion is possible, and the only justification given is that 
it gives a reasonable solution. 


6. The corresponding problem in the atmosphere 
Making assumptions similar to those of the first approximation in §2, and 
taking a similar choice of axes, the equations of motion and continuity in the 


atmosphere are ih cients aii 
2wsingd.u = —ch/oy, 


2u sin d.v = +0h/ox, 


] ecarh 
= = chop, 
p 
ou Ov 
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where h = gzis the geopotential, and ¢ is the latitude of the origin of co-ordinates. 
In these equations, x, y and p are chosen as independent variables. The equation 


of state is now Pe 


and the equation of heat transfer is still 


The relation between 7’ and p becomes 


a ee 1 ch 
Ro R Pop ; 


where q = log p. The equations then reduce essentially to those of §2, and we 
have the equation for h: 
Ch c2h_ ch cPh _ , Oh 
—— 5 +5 = 2wKSNO—>-.- 
CY CXCY ox OY Cd oy” cq 
A solution of exactly similar form for 7’, wu, v is therefore obtained. 

The solution can be applied immediately to a local jet. In this case, the varia- 
tion of the function y,(2) of §4 should be retained; it will decrease as x increases 
at the entry to the jet, and increase with x at the exit. The extra term in v which 
occurs in equation (48) by taking y,(2) non-zero is an odd function of y—y,(z); 
this corresponds to an inflow to y = y,(x) at the entrance, and an outflow at the 
exit, as would be expected. We note also that wu is proportional to 1/[y,(x)}*, and 
so increases as the stream narrows. The mechanism is similar to that of the 
confluence theory suggested by Clapp & Namias (1949). 

It is more difficult to apply the same solution to a jet which circumvents the 
earth, as there are now no boundaries where it is reasonable to take a discon- 
tinuity. A solution of the equations which does not involve discontinuities would, 


however, be applicable to both cases. 
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7. Some difficulties of the present solution 

Any complete solution of the problem of the jet-stream must give a satisfactory 
account of the transfer of angular momentum, and of heat, across the fluid. The 
present theory is at first sight unsatisfactory in both respects, but since the 
solution does not pretend to describe the flow completely, this is not a serious 
defect. It may be of interest to give a brief indication of the transport of these 
quantities across the stream. 

The transfer of momentum behaves like the product wv, and is zero across the 
line y = y,(x), unless the function 3(2) is retained. Even in this case the trans- 
port is in opposite directions across the stream, according to whether the stream 
approaches the inner or the outer boundary, so that the mean with respect 
to xis zero. But the effect of the boundaries where the stream touches them is of 
considerable importance in practice, and the present theory takes no account of 
this. 

No simple form for the transfer of heat across the stream exists, and it is 
impossible to interpret fully the appropriate expression to the solution of §4. 
It is clear, however, that in the mean with respect to x, the transfer of heat across 
the line y = y,(v) is entirely by conduction. Again, the exchange of heat between 
the stream and the boundaries, which is omitted from the solution, is of major 
importance. 

In order to describe the motion properly, then, we must find solutions for the 
parts of the jet-stream where it touches the boundaries, and also for the 
circulations in the remainder of the fluid. In principle this should be possible, 
but in practice it seems to be intractable. 

The solution is of interest. however, because it does give a stream with the 
right kind of transverse variation in temperature and velocity. This suggests 
that the basic assumptions made in §2 are valid, and a more general solution 


should be sought. 


The author wishes to thank Prof. M. J. Lighthill for his continued interest in 
her work, and Prof. T. V. Davies for the benefit of several discussions during the 


preparation of this paper. 
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The effect of wall shape on the degree of reinforcement 
of a shock wave moving into a converging channel 


By G. A. BIRD 


Aerodynamics Division, Weapons Research Establishment, Salisbury, South Australia 
(Received 22 June 1958) 


The one-dimensional theory for the interaction between a normal shock wave 
and a discontinuous reduction in area is applied to the flow in a two-dimensional 
channel. It is shown that, for a given overall area ratio, a channel shape con- 
sisting of two equal discontinuous reductions in area produces a larger gain in 
shock strength than a channel having a single discontinuity. The gain in shock 
strength continues to increase with the number of steps, until the ideal limiting 
case of an infinite number of vanishingly small changes in area is reached. 

A drum camera was used to measure, in a shock tube, the increase in speed of 
normal shock waves passing through two-dimensional converging channels of 
different wall shape. It was found that a single discontinuous change produced 
a gain in shock strength which was less than half that given by the one-dimen- 
sional analysis. However, the gain increased as the area change was made more 
gradual and for long smooth nozzles the value for the ideal case was nearly 


attained. 


1. Introduction 

It is not possible to analyse completely the two-dimensional flow associated 
with the motion of a strong shock wave through a channel of arbitrary wall 
shape as repeated Mach reflexion usually occurs (see, for example, Kahane, 
Warren, Griffith & Marino, 1954). However, if the assumption is made that the 
How is one-dimensional, the interaction between a normal shock wave and a 
discontinuous area change can be analysed. Chisnell (1957) obtained a solution 
of this one-dimensional flow for a single infinitesimal change in area and then 
integrated this relationship to obtain the shock strength as a function of area. 
He applied this solution to the special cases of cylindrical and spherical shock 
waves and showed that the results given by this approach agree closely with 
those of Guderley (1942) and Butler (1954) which are exact for very strong 
Waves. 

The most general flow diagram for the interaction of a normal shock wave 
with a discontinuous reduction in area is shown in figure 1. This flow pattern is 
termed Type (a) and occurs when the flow in Region 2 is either supersonic or 
high subsonic, and the area ratio is too large for isentropic flow to occur through 
the area change without sonic conditions being reached. A strong reflected 
shock wave is produced and the flow behind it in Region 3 is subsonic, its 


velocity being fixed by the area ratio of the change, as the flow at the start of 
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the reduced section 4 must be sonic. The flow then expands through a rarefaction 
fan which has its leading edge stationary at 4. A contact surface divides the flow 
consisting of gas which was originally in the wide section from that which was 
originally in the narrow section and a transmitted shock wave moves into the 
narrow section. When the flow behind the shock wave is supersonic, there is a 
limiting value of the area ratio below which the reflected shock wave is not 
sufficiently strong to move upstream. However, when this condition is reached, . 
a modification to the flow pattern is possible, as the area ratio is small enough for 
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FIGURE 1. Wave diagram of general case of interaction between normal shock wave 
and discontinuous reduction in area. 


steady isentropic compression of the supersonic flow in Region 2 to take place 
without critical conditions being reached in the area change. No reflected shock 
wave occurs and the rarefaction is carried downstream as the flow at the start 
of the reduced section is still supersonic. A contact surface and a transmitted 
shock wave are, of course, again formed and this flow pattern is termed Type (5) 
flow. There are combinations of shock strength and area ratio for which both 
types of flow are possible. A further modification which is called Type (c) 
flow occurs when the incident shock wave is weaker. The rarefaction fan is 
then not necessary and the flow in all regions, with the possible exception of 
the region between the contact surface and the transmitted shock wave, is 
subsonic. 

A solution may be found for any particular problem by assuming one of the 
flow patterns, estimating the strength of one of the waves, writing down the 
relationships between the variables across the other waves and applying an 
iterative procedure until all the regions of the flow match and the boundary 
conditions are satisfied. Some results of this numerical analysis, which is 
similar to that used earlier on the same problem by Laporte (1954), are shown in 
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figure 2, where the strength of the transmitted shock wave is plotted against the 
strength of the incident shock wave for interactions with area changes of a 
number of different ratios. Here, the strength of a shock wave has been defined 
as the pressure ratio across it. It can be seen that, when a shock wave of 
strength 7-0 is incident on an area change of ratio 10:1 a transmitted wave of 
strength 10-7 is produced. However, when the same wave meets a change of 
, (10): Ll a transmitted shock wave of strength 9-4 is produced, and when this 
wave meets another change of ratio ,(10):1 a final transmitted shock wave of 
strength 12-8 is produced. Therefore, when the reduction in area takes place in 
two equal steps the increase in shock strength is greater than if it takes place in 
one step of the same overall area ratio. 
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FIGURE 2. One-dimensional analysis of interaction between normal shock waves in a gas 


with a specific heat ratio of 5:3 and discontinuous reductions in area, 


This general graphical procedure can be extended to any number of steps, and 
figure 2 shows the results for five and ten steps. The locus of these points may be 
extrapolated to the line of no area change and this gives a transmitted shock 
strength of 17-9. This corresponds to the ideal case of an infinite number of 
vanishingly small steps and is equivalent to Chisnell’s analytical solution. Care 
must be taken when applying this graphical method to very strong waves, since 
the reflected shock wave in Type (a) tlow causes non-isentropic losses which do 
not occur in Type (4) flow and the transition between the two is not continuous. 
In this example, a small region of Type (4) flow is possible for very small 
area ratios when the shock strength is above 9-27, but the reflected shock wave 
in the immediately adjacent region of Type (a) flow is sufficiently weak to be 
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regarded as isentropic, so that the transition between the two regions is effectively 
continuous. 

These considerations may be applied to the motion of a shock wave through 
converging channels of arbitrary wall shape, and it would be expected that the 
increase in shock strength for a given overall area change would be inter- 
mediate between that for a single discontinuous change and that for the ‘ideal’ 
channel. An experimental investigation was therefore undertaken to measure 
the speed and the strength of shock waves as they passed through two-dimen- 
sional converging channels of various wall shapes. 


2. Experimental arrangements 

The experiments were carried out in a shock tube using air as the high-pressure 
driving gas and argon as the low-pressure gas. The tube had a rectangular cross- 
section of 41 x 66 mm and the lengths of the high- and low-pressure sections were 
0-75 and 3-0 m, respectively. Gas bottles were used to supply both sections, the 
low-pressure section being evacuated by a vacuum pump before the argon was 
admitted. The high and low pressures were set as near as possible to 2-4 and 
0-032 atm., respectively, so that the nominal pressure ratio across the diaphragm 
was 75:1. Cellulose aceto-butyrate of 0-25 mm thickness forming the diaphragm 
was ruptured by remote control using a solenoid operated pricker. The theo- 
retical shock strength for a diaphragm pressure ratio of 75:1 is 7-25 and the 
actual strengths ranged from 6-4 to 7-3, the scatter being primarily due to 
difficulties in accurately setting the pressure. The symmetrical nozzle blocks 
were carefully fitted in the working section which was 50cm long and had 
windows which were 30 cm long and 1-2 em wide. Nozzles 1-6 (table 1) were 
made of steel, while 7 was of polished wood; the area ratio of the contraction 
was 9-9:1 in all cases. 

The image of a double mirror schlieren system was projected on to the film 
in a drum camera, so that a record of the flow was obtained in the distance—time 
plane. The light source for the schlieren was a water-cooled mercury are lamp. 
As this provided a continuous source, an electromagnetically operated shutter 
was placed directly behind the slit so that the light could be allowed to pass for 
less than one revolution of the drum. A pulse generator in the camera produced 
50 pulses each revolution of the drum; these were counted in the drum-camera 
control unit and the result was displayed on a frequency meter, which therefore 
gave a measure of the speed of rotation of the drum. This speed was set to the 
desired value by an adjustable transformer. A piece of thin aluminium foil was 
placed across the diaphragm and, when ruptured, provided a signal to the 
control unit. This signal initiated a time delay after which a pulse was passed 
to open the shutter. The shutter remained open until 16 pulses from the drum 
camera had been counted and then shut. The times were set so that the shutter 
was open and a record was produced by the camera while the shock wave was 
passing through the working section. 

A number of the records obtained from the drum camera are reproduced in 
figure 3 (plate 1). The flow pattern in figure 3a is generally similar to that shown 
in figure 1 and the nature of the waves in this camera record may be deduced by 
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comparing the two. The flow patterns in the other records are generally similar, 
although the discontinuities become more diffuse as the area change is made 
more gradual. The optical reduction of the schlieren system and the speed of 
rotation of the drum were known so that the speed, q, of the shock was easily 
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TABLE 1. Results of experiments on interaction between normal shock waves in 
argon and converging nozzles 


obtained from the camera record. The speed of sound, a, in the undisturbed gas 
ahead of the shock, was also known and the strength, z, of the shock waves 


2y q ) y ae | 
Y ca E y Te ) 
where y is the ratio of the specific heats of the gas. 
The initial change in the shock speed in the records for the 15° nozzles appears 


followed from the expression 


almost discontinuous as the windows showed only the portion of the shock at the 
centreline of the tube. No change in shock speed was therefore observed until 
the intersection point of the Mach reflexions from the top and bottom nozzles 
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FicurE 3 (plate 1). (a) 90°, 0-1 H radius corner nozzle blocks. (b) Quadrant-shaped 
nozzle blocks. (¢) 15°, straight nozzle blocks. (d) 15°, rounded nozzle blocks. 
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met at the centre. The darkening of the background in the reduced area section 
of the records was caused by the nozzle blocks protruding over the edge of the 


windows. 


3. Experimental results and discussion 

The experimental results are summarized in table 1. It is estimated that the 
error in the strengths of the incident and transmitted shock waves was of the 
order of 1°,. In the cases where the tests were repeated, the results were con- 
sistent within the order of accuracy of the measurements. The variations in the 
incident shock strength are unimportant as the percentage increase in shock 
strength is not sensitive to them. 

The 90°, sharp corner nozzle gave an increase in shock strength of only 25% 
compared with the theoretical value (see figure 2) for a discontinuous area change 
of 53°%. This discrepancy can be accounted for as the theory assumes inviscid 
isentropic steady flow across the contraction and this could not possibly be 
approached in this nozzle. In addition, the shock would have to travel a distance 
equal to several tube widths past the change before this flow pattern could 
become established. It was noted on the record that the shock did not attain 
its final speed until it had moved some distance past the area change, its initial 
behaviour corresponding to an interaction with an area change of lower area 
ratio. Small radii of one-tenth and one-fifth of the height of the nozzle blocks 
increased the shock strength reinforcement to 29 and 33 °%, respectively. 

When the radius was increased to the full height of the nozzle blocks (i.e. 
quadrant shaped nozzle) the gain in shock strength rose to 72° which is well 
above the theoretical value for a single ‘iiscontinuous area change. The 45° 
straight nozzle which had the same area transition length as the quadrant 
nozzle produced a larger gain of 87°. This indicates that the overall change in 
shock strength is sensitive to the initial strength of the reflected shock wave, 
which would be greater for the quadrant shaped blocks. For comparison, the 
theoretical values of the increase in shock speed for the two, five and ten equal 
area change cases are 83, 100 and 128%, respectively. 

When the transition region was greatly lengthened by the use of the 15° 
straight blocks the gain in shock strength rose to 121°%. In order to avoid the 
losses caused by the sharp corners on this nozzle it was then replaced by one 
with the same general shape, but with the corners rounded and the gain in 
shock strength rose to 130°. This approaches the theoretical value of 156 °% for 
the ideal case of an infinite number of vanishingly small area changes. Chisnell 
pointed out that this theory assumes that the effects of the reflected and re- 
reflected disturbances on the primary shock wave may be neglected and these 
experimental results seem to provide some further justification for this 
assumption. 


4. Conclusions 
The degree of reinforcement of a shock wave moving into a converging 
channel was shown to depend critically upon the wall shape and the extreme 
values of the percentage increase in shock strength for a contraction of a fixed 
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area ratio differed by a factor of five. The most effective set of nozzle blocks 
produced a gain in shock strength, which was more than twice as great as the 
theoretical value for a single discontinuous area change, and approached that 
for the ideal case of an infinite number of vanishingly small area changes. This 
indicates that a converging section could well be incorporated in the design of 
those shock tubes in which the strongest possible shock waves are desired. 
Care would have to be taken in positioning the area change to ensure that the 
downstream travelling waves, produced by the interaction between the reflected 
waves from the area change and the contact surface from the diaphragm, do not 
overtake the primary shock wave in the working section. 


Acknowledgement is made to the Chief Scientist, Department of Supply, 
Australia, for permission to publish this article. 
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The structure of a hydromagnetic shock in 
steady plane motion 
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In this paper we discuss the structure of those oblique shocks which occur in 
plane hydromagnetic flow. We find that not all pairs of states satisfying the shock 
conditions can be linked by a one-dimensional flow of a viscous, electrically 
conducting fluid, while other pairs can be linked in more than one way. In the 
latter case a particular transition is singled out when further information is given 
concerning the three-dimensional problem of which the plane motion is an 


idealization. 





Introduction 

We consider the steady plane motion of an electrically conducting, perfect, 
viscous gas in the presence of a magnetic field in its own plane, on the basis of 
classical continuum theory. The local behaviour of the gas at a shock is studied 
by considering transitions in which all quantities, as functions of one co-ordinate 
x, change from finite initial values at x = —oo to finite final values at x = +00. 

This problem was studied by Marshall (1955) for the particular case in which 
the x-component of the magnetic field (i.e. normal to the shock front) is zero 
throughout, so that the y-component of velocity may be taken zero also. He 
found that for a given initial state at x = —oo there is not only a unique final 
state at x = +0 but also a unique transition. In the general (oblique) case 
discussed in the present paper we find that there can be as many as three final 
states, with, moreover, an infinite number of transitions ending at one of them. 
The former indeterminacy is implied in several discussions of the necessary 
conditions which hold across a discontinuity surface in the flow of an inviscid, 
perfectly conducting fluid, and is presumably resolved in any particular problem 
by specifying further boundary conditions. However, such treatments can never 
discover whether two states satisfying these necessary conditions can in fact be 
joined by a transition solution, much less whether it is unique. Indeed, we shall 
also find that some pairs of states cannot be joined. In brief, the shock conditions 
are not sufficient to ensure that there is a unique transition joining any two states 
satisfying them [cf. the corresponding situation for the purely gas-dynamical 
shock as described by von Mises (1958)]. 

We consider in detail two particular cases, the first of which is Marshall’s. The 
second corresponds simultaneously to switch-on (fast), switch-off (slow), and 
transverse shock discontinuities as identified by Friedrichs (1957). There is no 


5-2 





68 G. S. S. Ludford 


transition solution for the last-mentioned and we must conclude that the trans- 


verse shock cannot occur in plane motion. Here we also encounter the lack of 


uniqueness mentioned in the last paragraph, which seems to point to the necessity 
of specifying how the current lines (lying along the z-direction) are closed at 
infinity, this constituting additional information about the three-dimensiona| 
problem of which the plane motion is an idealization. In fact, when we assume 
that the motion is the limit (at large radial distances) of an axially symmetric 
How, for which the current lines are closed in the fluid (circles), the difficulty 
resolves itself. 

Speciai interest lies in the behaviour of a transition solution in the limit of 
vanishing viscosity with non-zero resistivity. Marshall indicated that in his case 
a purely gas-dynamical discontinuity can appear (the Rankine-Hugoniot condi- 
tions are satisfied and the magnetic field is continuous), upstream of which there 
is an adjustment region to hydromagnetic values. We show expiicitly that the 
adjustment may take place upstream or downstream, the former occurring in his 
case and for the switch-on shock, the latter for the switch-off shock. 

Governing the motion are the Navier-Stokes equations, now containing terms 
arising from the Maxwell stresses and with the Joule heat appearing as a new 
source of dissipated energy, and Maxwell's equations supplemented by Ohm’s 
law for a moving medium. The charge accumulation is neglected and, for sim- 
plicity, all material coefficients are assumed constant. 

The argument is concerned with a phase plane, in which the transition solutions 
are represented by curves joining singular points of a certain system of differential 
equations. Any pair of singular points satisfies the shock conditions, and it is a 


question of deciding how many curves (if any) join the pair. 


1. Equations of motion 
We consider a motion in which the velocity v and the magnetic field H are 
given by 
v = (u,v,0), H = (H,, 27,9), (1) 
where all components are functions of x alone. It then follows from div H = 0 that 
H,, = constant, (2) 
and from J = curl H that the current lies in the z-direction: 
J=(0,0,J), J = H'(z). (3) 
If we now assume the conduction equation 
J =o0(E+yv~x H), (4) 
then the electric field E also lies in the z-direction (since both J and v x H do): 


’ 


E = (0,0, £,), E, = constant, 


where the constancy of E, follows from curl E = 0. 
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Under these conditions the equations of continuity and momentum* reduce to 





s wy=— Uv 
de? en 
du dp d*u dH . 
PM Te dx da =—e dx’| (9) 
dv d?v dH 
Pw dx dae HM, dx’ 


where //, is the coefficient of shear viscosity while 7, — 4/./3 is the coefficient of 
bulk viscosity. Similarly, under the assumption that a fluid element receives 
energy only by heat conduction (coefficient /) and by viscous and electrical 
dissipation, and assuming the gas to be perfect, we find the specifying 
equation 


pus | sue +08) + a. (Hi, +H) 
y ap 


da (y-l)p %& 
d ‘Brinn . , , 1,48]. oF 
sip alae > 54, -H )u+ 2H, Hey—~ H da | = Gye’ 
(6) 


where y has its usual meaning. 
To these must be added the conduction equation (4) with J given by (3) 


dH 


dx 


o[ E, + “(uH — vH,,)). ( 


~I 
~— 


These five equations (for u, v, p, p, 1) immediately integrate to give pu = m 
(constant) and 


My oe = mu+p+4uH?—-A, 

/ dx o 
dv 

uy = mv—pH, H-B, 

‘ “dx / 
dT Dp ——— . 

k— =C+Au+Bvim —4(u2+v*)|-— HE, — 4H (uH — 2H, v), 
dx (y-l)p * b 

Be an Riedl aks 

o dx 


where A, B, C are constants. Without loss in generality we may take u > 0 and 
hence m > 0, and, since we are interested only in flows which tend to uniform 
conditions (d/dx = 0), we also have A > 0. When the dimensionless variables 


m m mp m*RT 


U=]u, V=5r, n= | (4) #. O= 3,7 a 


* In this paragraph see Goldstein (1957) for the complete equations. 
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are introduced, the equations become 


1 
fy 4 —~U+6+ U24+ UA? 
m dx 

[yd V 


m dx 
(8) 
k d©® ; : (-) 


mR dx y-1 ° 


mi) dh 
{ dx re 





where 7» = 1/vo is the magnetic diffusivity, and 


a : A h a 2 as m | (ca) hy o> JM&) ae 


Solutions of the system (8) are represented by curves in (U, V,©,h)-space on 
which x is a parameter. In order to visualize their geometry we make the fol- 
lowing simplifications. (i) In the third of equations (8) k is set equal to zero; it is 
known that in the purely gas-dynamical case the neglect of heat conduction has 
no effect on the general character of shock transition solutions (see Gilbarg 1951). 
(ii) In the second equation (8) we put #, = 0; this corresponds to the physically 
unrealistic assumption of zero shear viscosity and non-zero bulk viscosity, but 
again this is justified in the purely gas-dynamical case (in fact the relevant 
solution is the same: V = —a, whether j, is zero or not). Under these assump- 


tions the system (8) reduces to 


aU ee ’ y+1,, . : 
Aa | f(U,h) = (y—-1) P-yU + Ay—lah+— U2-Ay-1) M+ yl n,| 
m dx ' } j j » } } 
(9) 
rn dh 
ccch q(t h) x h(2h* U) 
A dx 


when V and © are eliminated: here 


xX ah + $5; p eres) (ye Ja), 


2. The singular points 

In the (l’,#)-plane the infinite isocline of the system (9) is the cubic f = 0. The 
zero isocline is formed by the rectangular hyperbola* g = O and the h-axis: U = 0. 
We are concerned with integral curves lying in the right half of the plane: UV’ > 0, 
and in particular those joining the singular points given by f = 0, g = 0. These 
points are also the intersections of the ellipse 


, v+lf,, ¥ PB ool, 2-y a} 
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* For a 0 the results which follow must be understood in an appropriate limit sense. 
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which is not an isocline, and the rectangular hyperbola (see figure 1). Therefore, 
there are 0, 2 or 4 real singular points, of which an even number lie on each branch 
of the hyperbola. On eliminating U between f = 0 and g = 0, we find that their 
ordinates are given by the quartic equation 

F(h) = 2h? h4 — (2 —y) ah? + [2(y +1) ht — 2yh?. +(y—1) PA? 


—af2(y+l)h2-—ylh+hytl)ae2=0. (11) 





We now investigate the nature of the singular points, since it is this which 
determines the way in which a transition flow tends to the corresponding uniform 


conditions at infinity. 

















FrGurRE 1. Singular points in phase plane. 

In order of decreasing |h| the points (in U >0) with h>0 are alternatively 
saddle and nodal, and similarly for those with h < 0. For the characteristic 
equation of (9) at a singular point (Up. Ag) is* 

9 - 5 ta : : Bc ‘ 
(fo + G,)K + (fc9n—-Sidu) = 9; (12) 
where f = mf/u,U, 9 = Ag/my and all values are to be taken at the point, i.e. 


m 2m 


tu = Poa ea +1)U,+yhi), fi, = Pea (13a) 

A Aa 
P a . = E 13b 
mn I my hy In my hy ( ) 


The discriminant of this equation is 
(fu -9n)° + 4frdu- 


* This equation determines the exponential solutions (e**) of (9) when the right-hand 
sides are linearized in the neighbourhood of the point: (cf. §5). 
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which is positive since f, and g,;, have the same sign: hence the roots of (12) are 
real. Also the constant term has the same sign as 


: ae 
me ik: lay +(y+ 1) lL, + yhi} + 2U ha] 
l 9 © 9 > 
= — Typ thn —(2— 7) why + a 2(y + I) hy — Yj hg — (y+ 1) 27] 
0 40 
ho {d F(h)) sa 
: ~ 0, lal h? ) hn.’ un 


0 
where F(h) is given in (11). Now hd[F(h)/h?]/dh is clearly positive for sufficiently 
large |h| and has opposite signs at consecutive zero of F(h)/h? on the same side 
of the U’-axis. Since a negative constant term implies a saddle point, and a 
positive one a nodal point, the result follows. 

Since there may be two nodal points in the region of interest the possibility 


arises of there being an infinity of integral curves joining them, i.e. a family of 


transitions between given states at x = +00. We shall discuss two particular 
cases; in the first this does not occur, in the second it does. 


3. The case H, = 0 

This was discussed first by Marshall (1955) and then by Burgers (1957). The 
former did not completely discuss the limit of vanishing viscosity: the latter 
assumed zero viscosity from the start and hence had to introduce extraneous 
assumptions. 

We return for a moment to the original equations (8), with 7. not necessarily 
zero, and set h,, = 0. Then the second of these can be integrated explicitly, the 
only relevant solution being V —a (all others are exponentially large at 
x = +0). But this is precisely what is used to eliminate V and obtain equations 
(9) when 4. = 0. Hence, in the present case our discussion is in fact independent 
of the assumption //, = 0. 

The rectangular hyperbola becomes 

g=a+hU =0, 


and the ellipse (10) degenerates into the parabola 


neal ee. ae a2 
'—yhq =- U—— —(2—y)ah+ \(y—1)P-—— = (). 
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Since the system (9) is unaltered on replacing «, h by —a, —h we may take a < 0. 
Then these curves will lie as in figure 2, always having an intersection 3 at which 
U < 0, and, for suitable values of x, #, another two intersections 1, 2 at which U 
is always positive. This can be read off from (11), which also shows that the fourth 
intersection lies at infinity on the lower branch of the hyperbola. 

Only the points | and 2 are of physical interest. Between them f is negative 
(= f—vyhg) on the hyperbola and positive (= yhg) on the parabola. Hence the 
infinite isocline: f = 0 lies above the hyperbola and below the parabola. Since 
each horizontal cuts it in at most two points (see (9)), it has just one extremum 


(a maximum) between | and 2 if it has positive slope at 2 and none if it 
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has negative slope. From (13a) the condition for a maximum is therefore 
U3—yU,(1 —U,—h3) = UZ—y0O, < 0,orinthe original variables: ug < yp,/ps = a3. 
Within the region R bounded by the ares 1 2 of f = 0 andg = 0 the integral curves 
have negative slope, with x increasing in the negative U-direction on each. 

We saw in the last section that 2 is a saddle point and 1 is a nodal point. The 
singular directions at either point are determined by 

Q(m) = f,m?+ (fr —-G,)m—Gv = 9; 

hence, since Q(0) < 0 and Y@(+@) > 0 (see (13)), one has positive slope and the 
other negative. It now follows, as in the purely gas-dynamical case (see Gilbarg 
1951), that there is a unique transition solution joining the points 1 and 2, which 





3 
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FIGURE 2. Transition curve for H,, = 0. 
correspond to x = —o and x = +0, respectively,* and this curve lies in R. 


Moreover, when the infinite isocline is monotonic between 1 and 2, the limiting 
transition as “, — 0 follows this isocline; whereas when there is a maximum, it 
follows the isocline until attaining (at 2’) the same ordinate as 2 and then the 
horizontal into 2. This second behaviour is due to the fact that no integral curve 
can attain positive slope in R. 

The straight segment 2 2’ corresponds to a purely gas-dynamical shock (x con- 
stant in limit); across it the Rankine—Hugoniot conditions hold. For f = 0 is the 
result of eliminating V and © between the equations obtained by setting the 
right sides (with h,, = 0) of the first three equations (8) equal to zero. Hence 


- , ‘ , , Oe 
U,+— = 1-h2 = 1-h2. = V+ ——, 

amt * . : ee | 
VY 7 r9) r 79 
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* The sign of (14) expresses that wu? is greater than yp/p+H?/p at 1 and less at 2, i.e. 


the transition flow is initially supersonic and finally subsonic. 
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which, combined with p, uv. = py Uy and expressed in the original variables, are 
precisely the Rankine—Hugoniot conditions. The point 2 also corresponds to the 
whole uniform limit state behind the shock. 

Thus, we see that a transition flow in an electrically conducting fluid of 
vanishingly small viscosity contains a gas-dynamical shock if and only if the 
final state is subsonic (in the gas-dynamical sense), and that when it does the 
whole adjustment region (to hydromagnetic values) lies upstream of the shock. 
The magnetic field is continuous across the shock, though dH/dx undergoes a 


’ 


jump o(E, + “uy H,). 


4. The case H = 0 in initial state 

One possibility is that H = 0. The transition is then a purely fluid-dynamical 
one with no interaction between flow and magnetic field. We shall see im- 
mediately, however, that this is not the only possibility under certain circum- 
stances; indeed, our assumption only implies « = 0 in (9). 

Clearly the present section covers Friedrichs’ switch-on shock discontinuities 
(H = 0 initially but not finally); it also covers his switch-off (H = 0 finally but 
not initially), and transverse (H changes sign but not magnitude) shock dis- 
continuities, since either assumption concerning the end-points leads to a = 0 
also. 

The zero isocline degenerates into the pair of straight lines 

Ua hi, A=8, 
while the infinite isocline 


aii yr— le 
2(y — 1) ht, | 1 —-—__— Agi -(v-1) 8 
represents a hyperbola in the (U,h?)-plane. [We use this rather than the (U, h)- 
plane in the present section.] The three points of intersection are 


12: U=——(l+hk), h?=0, 


tae ] 
j 
5) 


3: U = 2h 2 a " 2y+1h?\? 
a im * 4(y+1)h2 [ > | a . 


where k = , {1 —2(y?— 1) #/y?} (which must be real, by assumption). 


Thus, there are five ranges of the parameter h, to consider:* 


(i) ne, < —'— (1-k) =U, 
(lia) re (1—k) < 2h? < ri (1-4), 
(iid) (1k) < 2 < (14h) = G, 


‘ 


From the first of equations (8), 0, = U,(1—U,). Hence, with positive temperature 


at 1, & is less than 1/y. 
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“y “2 
(iii a) - Ti +4) <2 <= (1+h), 
(iii) > ((1+8). 


The different situations are illustrated in figures 3-6. In case (i) (figure 3), the 
point 3 is discarded and 1, 2 lie on the same branch of the hyperbola with 1 a nodal 
and 2 a saddle point. For (ii), 3 is a saddle point, while the points 1 and 2 are 
nodal, lying on the same branch when (iia) holds (figure 4) and on different 
branches when (iib) holds (figure 5). With (iii) (figure 6), the point 3 is again 
discarded, the point 1 is a saddle, and point 2 a node, and the latter lie on different 
or the same branches of the hyperbola according as (iiia) or (iiib) holds. The 
integral curves are easily sketched once the singular directions at 1, 2 and 3 have 
been determined and the signs of dU /dx and dh/dx in the various regions found. 
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FIGURE 3. Integral curves for FicurRE 4. Integral curves for 
a = 0: case (1). a = 0; case (iia). 


When (i) or either of (iii) holds there is a unique transition: it starts at 1 and 
ends at 2, and has H = 0 throughout, so that there is no interaction between the 
uid motion and the magnetic field. The end-points 1 and 2 satisfy the ordinary 
Rankine—Hugoniot shock conditions. The same transition can occur in case (ii), 
but now there is not only a second end-point* 3 (to which the transition is unique), 
but also a whole family of possible transitions from 1 to 2. Within each, H? 
increases from zero to a maximum and then decreases to zero again. 

Before discussing this lack of uniqueness in greater detail we make one further 
observation. If the initial state and magnetic field are chosen so as to give the 
point 3 in figure 4, there will be a unique transition ending at the point? 2. Now 
the hyperbola has its maximum? to the left of 3, so that as ~, > 0 this transition 

* The pair 1, 3 represents the switch-on shock, while the two images of 3 in the (U, h)- 
plane represent the transverse shock. Ther~ ‘s clearly no integral curve joining the latter. 

+ The pair 3, 2 in figures 4, 5 represen ie switch-off shock. 

t For smaller h, the maximum lies on cue right side; the change takes place as uz 
increases through a, = 4/(yp3/P3)- 
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will tend to follow the horizontal 3 3’ and then the infinite isocline to 2. A proof 
quite similar to that at the end of §3 shows that 3 and 3’ satisfy the ordinary gas- 
dynamical shock conditions. However, in contrast to §3 the whole adjustment 


region now lies downstream of the shock. 











Ficure 5. Integral curves for « = 0; case (iip). 











FiGuReE 6. Integral curves for « = 0; case (iiia). In case (iiib) the hyperbola has the same 
form as in figures 3 and 4, the points | and 2 now lying on the upper branch. 


5. Axially symmetric flow 

A simple way to close the current lines is to consider a flow in which the velocity 
v and magnetic field H are given by (1) in a cylindrical co-ordinate system 
(x, 7,7), where now all components are functions of x and r but not of 6. Then (2) 


cH l¢ 
—" + —— (rH) = 0, (15) 


Cx fr or 


is replaced by 


and the currents form closed loops (circles) in the fluid with 
CH cH, 


Ox or ; 


J=(0,0,J), J= 








ame 


sity 
fem 
(2) 


(15) 
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From (4) we then see that E has only a 6-component: 


’ 


y 


E 
E = (0,0, °), E, = constant. (16) 
e 


where curl E = 0 has been used to obtain the form of this component. 

We now consider the ways in which a uniform stream: u = Up, v = 0, p = py. 
p = pp With H = 0 and H, = H, 9, at x = —«% can be disturbed. In the one- 
dimensional case such disturbances are represented by the integral curves leaving 
a point such as | in figures 3-6. Here we discuss only the immediate behaviour 
and hence replace all coefficients in the non-linear equations of continuity, 
momentum, energy balance, and electric conduction by their zero values. Using 
u, v, p. p, H and H, for their own disturbances now, we find (5), (6) and (7) 
replaced by ‘ i - 


Cu Cp dn C 
Port aes £0 ~ (rv) = 0, (17a) 
Cx Ox ror 
Cu Op G [cu le e 
Poo 7 ae — , he C Yr L ¥ a" ? (175) 
aD Cp ecfeu le H OH, . 
Poo sy ~~ or hele ea (7) | +g ae (17¢) 
C 
P_ go, a= y??, (17d) 
c Po 
CH cH 
i; ad " = u)H — Hv; (17e) 


in obtaining this last equation from (4) we must set H, = 0 in (16) to ensure that 
CH |/¢x > 0 asx > —2. 

The six functions w, v, p, p, H,,, H must therefore satisfy equations (15) and (17). 
For reference we first determine the corresponding solution in the one-dimen- 
sional case, which is obtained by replacing all ¢/er terms by zero. The resulting 
homogeneous system is solved by setting all variables proportional to e4*, where 
either A = 0 (which we exclude) or H,, = 0 and* 


A = Porto l aa) ok, oe aw — 1H no) mac 


2 2 2° 
[ty Up Y] Pod 
The complete (relevant) solution is 
9 
I, U2 tH. 
p=aip= Poy, y= mH, H, = 0, 
Uo Poo 
axAc¥, H= Be¥, (18) 


where A and B are arbitrary constants. Each ratio A: B determines a different 
disturbance of the initially uniform stream, the remaining scale factor corre- 
sponding to choice of the origin of z. 


* At the point | in figures 4 and 5, A, and A, are both positive of course. At the point 3 
they are both negative, confirming that the latter is approached as x > +00. 
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We now set all variables proportional to e4% in (15) and (17), denoting the 
factor in each case (a function of r) by the variable itself. Then from (15), (17a), 


(17d) and (17e) we find 


Pot[, 1 pi_ 9 © \ |) 
ap=— +~P— — P+ —A ; 
iis u, im a H| | 
: (19) 
1 2p, | wy _ap|H, H,=—+PH 
v= — = + — ASAT - = 
is, 2 n=) 
l 6 7 
where P = - —r and from (176), (17c) vu, H must satisfy 
ror 
C 
Ayu+(C,+D,P= | PH = 0, (20a) 
C u ( C C 
A,--+(B,+C,—P+D,—P—P)H = 0, (205) 
ae oy ry ~ OF ~ Or or 
with 
: : KL nk 
ay i - . ‘ ; ; A Hg as, A? Ano 
, A , 9 ' ] r 9 
A,=-K, B,= H (Pot) K —HHF,), Cl=—- WH [AL + potty (Uy —L) + HH), 
nO "10 
nk r Po 
D, = eH.’ K = . A, L=uy—ya. 


When A = A, the coefficient A, is zero and (20a) becomes 


C,+ D,P —) PH = P(C,+D,—P)H =0, 
cr \ cr 


0 
so that H +G,(mr), m= , (21) 
? A D, 
where @, is the general solution of Bessel’s equation of order one, and A is an 
arbitrary constant. Pending further discussion, we take @, = 0; then from (206) 


Bs 
“=r 2 {logr+B 
A, 
Similarly, for A = A,: B, = 0 and 
D 2) 
H=Cr+—, «=-—-—C, 
r A, 


where Cand D are arbitrary constants and zero has been taken as the solution of 
a Bessel equation. 
The general disturbance is therefore given by (19) and 


2D 
P| eAywe — 10 pra. 





Thus for r > «, (i) with s = r+ (logr)/A, fixed, we find 


e=0, H=Ce: 








the 


19) 


Da) 


Ob) 


an 
0b) 


of 


The structure of a hydromagnetic shock 79 


(ii) with C = Oand s = x + (log logr)/A, fixed 


B, 


(iii) with C = A = Oand s = 2 fixed 
e= Be’, H = 0; 

and, finally, (iv) with C = A = B= Oand s = x—(logr)/A, fixed 
“e=0, H = De. 


We conclude that the only one-dimensional disturbances which are the limits as 
r > 2 ofaxially symmetric ones are those corresponding to A = Vor B = Oin(18). 
This singles out what may be called the two principal solutions of (9) through the 
point 1 in figures 4 and 5, and it is clear that one of the principal solutions is the 
purely fluid-dynamical transition H = 0. The other may be ignored, at least for 
small enough 7/,.* 

The reason for excluding the Bessel function in (21) is now clear. For larger, the 
corresponding solution would either oscillate, and hence not have a one-dimen- 
sional form, or else behave exponentially (small or large): e7"/r}, 7 = +im. For 
the latter we would have to take s = «+7r-—(logr)/2A,, which corresponds to a 
shock front at an oblique angle to the incident stream. 


Final remarks 

The lack of uniqueness found in §4 cannot be attributed to the unrealistic 
assumption #4. = 0; without this assumption there is still an infinite number of 
integral curves in (U’, V, h)-space joining the points 1 and 2 in figures 4 and 5, 
which are now a nodal and nodal-saddle point, respectively. Also the discussion 
in §5 need not be restricted in this way and the (three) principal solutions 
through 1 are again singled out.t 

Moreover, the same results are obtained in the limit /,, 7, > 0 as for our special 
case fly = 0, 4, > 0. For a limiting transition curve in (U, V, h)-space clearly 
follows the curve obtained by setting the right sides of the first three equations (8) 
equal to zero, except possibly for a segment lying in a plane # = constant whose 
ends lie on this curve (ef. end of §3). At these ends the value of V = —a+2h,his 
the same, so that V is constant along the segment; otherwise dV /dx would have 
to change sign on transition curves at points outside the plane 

V—2h,h+a=0. (22) 

Thus in the limit ,, “, > 0 the transition curve lies in the plane (22) and follows 
the same path as for “7, > 0, fy = 0. 

* Its slope at 1 is dh?/dU = (U,(U,—2h,)—43(y +1) e(U,— U,)]/e[yU, — 2(y — 1) Ai], 
where € = m*y/Ay,. Thus for ¢ < 2U,(U,—2h;)/(y+1) (U,;—U,) = €) the curve leaves 
1 with positive slope and joins 1 to 2 below the U-axis (figures 4 and 5 were drawn for 
€ large); such a join must be rejected (h is imaginary). As € increases past €) we may expect 
the curve to continue to join 1 and 2, but now above the U-axis. It would then provide an 


alternative transition to H = 0. 
+ And similarly at 2, where one of the solutions may be discarded since the point is 


approached as 7 > — ©. 
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An experimental investigation of the 
stability of Poiseuille flow 


By RICHARD J. LEITE 


University of Michigan, Ann Arbor, Michigan 
(Received 23 April 1958) 


An axially symmetric laminar flow of air was established in a long smooth pipe. 
This flow was steady up to Reynolds numbers of about 20,000, the capacity of 
the system. Small, nearly axially, symmetric disturbances were superimposed by 
longitudinally oscillating a thin sleeve adjacent to the inner wall of the pipe. 
Hot-wire anemometer measurements consisting of radial and longitudinal 
traverses were made downstream of the sleeve. These measurements indicated 
that within the Reynolds number range investigated (up to 13,000), the flow is 
stable to small disturbances. In general, the radial distribution of disturbance 
amplitudes was not independent of distance downstream; while the disturb- 
ances, as generated, exhibited imperfect axial symmetry, the non-symmetric 
part decayed more rapidly than the symmetric part. Results were interpreted 
in such a way that rates of propagation and rates of decay of the disturbances 
could be compared with those given by a recent theoretical stability analysis. 
It was found that the rates of decay are predicted fairly satisfactorily by the 
theory; however, the rates of propagation are not. In addition, it was found 
that transition to turbulent flow occurs whenever the amplitude of the disturb- 
ance exceeds a threshold value which decreases with increasing Reynolds 
number. Due to the departures from axial symmetry in the amplitude of the 
disturbance, it was not possible to obtain a quantitative measure of the thres- 
hold. A mathematical idealization of the disturbances, believed to be more akin 
to experimental perturbations than the classical model used in small-perturba- 


tion analyses, is proposed. 


1. Introduction 

The purpose of the experimental work reported here was to study the initial 
stability of Poiseuille flows. More precisely the intent was to determine the 
evolution in time of small controlled disturbances in the laminar velocity profile. 

In the early work following Reynolds’s investigations, it was observed (see, for 
instance, Prandtl & Tietjens 1934) that the Reynolds number of transition could 
be made to increase apparently without bounds if great attention was paid not to 
disturb the laminar flow upstream of the pipe. This indicated clearly that the 
initial state of the laminar flow bears on the transition process. While many 
experiments have contributed in other] ways to an understanding of transi- 
tion (see, in particular, Rotta (1956); and Webb & Harrington (1956)), no 
measurements have been reported on the manner in which a smooth laminar 
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regime amplifies or damps small residual disturbances which are unavoidably 
present in any flow. 

On the other hand, small-disturbance stability theory has been applied several 
times to Poiseuille flow (e.g. Sex] 19274, b; Pretsch 1941: Pekeris 1946). Neither 
the rigour nor the generality of these efforts have been universally granted. But 
all the analyses produced so far have concluded that axially symmetric Poiseuille 
flow is stable. A renewed interest in the theoretical aspects of the problem 
(Coreos 1952) led to the experimental work reported presently. 

We might expect to learn from an experiment whether small disturbances are 
always damped or sometimes amplified in Poiseuille flows. Then we might wish 
to go beyond this purely qualitative consideration and describe the decay or 
amplification of a disturbance in time. To do this practically we should first 
classify our disturbances in some systematic way; for a disturbance is in general 
a three-dimentional vector function of x, y, z and t. It can be viewed more 
profitably as the synthesis of a large number of more elementary disturbances 


each of which can be characterized in time and space by a finite number of 


parameters. This is a point of view peculiar to small (i.e. linear) perturbation 
analysis which can be exploited both by theory and experiment. Unfortunately, 
what has been chosen traditionally as an elementary disturbance in the theo- 
retical analysis of the problem is not what the experimenter would regard as 
simple. For Poiseuille flows, disturbances have been assumed to be axially 
symmetric (Sex! 1927a) and such that their stream function is given by 


yy 3 Q(r) ett ct) (1) 


where « is real and ¢ is complex. 

Such a disturbance would have to be imposed at an initial instant everywhere 
in the pipe and, in particular, periodically in the axial direction—a requirement 
which was judged impracticable. The elementary disturbances generated in the 
pipe for the experiment reported presently were, of necessity, of a different kind. 
They were induced along a short length of the pipe wall and they were periodical 
in time. By traversing the pipe downstream of the disturbance generator in the 
radial and the axial direction and along different azimuths, it was possible to 
measure the amplitude distribution of the disturbances, and, by comparing the 
instantaneous signal at various points, to establish the phase relationship 
between neighbouring points. Thus, the space description of the disturbance at 
a given time was recorded, together with the frequency at which this pattern 
was sinusoidally varied in time. 

A description of the experimental apparatus and procedure is given first. The 
results are then summarized and discussed. Some attention is paid to a com- 
parison with the results of a recent analysis. Finally, a few observations are 
reported on the behaviour of larger periodic disturbances. 

2. Experimentation \ sins 
Apparatus 

Experiments were conducted in a horizontal Lucite pipe, 1-25 in. in diameter 

and 73 ft. (700 diameters) long. Figure | is a schematic diagram of the equip- 


ment. High-pressure air (90 |b. in.?) from the laboratory supply line was passed 
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through a separator to remove most of the oil and water present in the in- 
coming air. From the separator, the air proceeded through an activated alumina 
dryer to a pressure-regulating valve which controlled the pressure in a 100 cu.ft. 
storage tank used as a constant pressure source for the air supply system. Air 
Howed from the tank through a flow meter to the settling chamber and thence 
through a smooth contraction into the pipe. 


Honeycomb 
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FIGURE 1. Schematic diagram of air supply system. 


Uniformity of the internal diameter and concentricity of the pipe, as supplied 
by the manufacturer, were found to be within 0-005 in. for all sections of the 
pipe. The length of each section was approximately 50 in. To eliminate any 
adverse effects due to curvature along the length of the pipe, a theodolite was 
used to align and level the pipe. This method of alignment resulted in a system 
which departed at most only a few hundredths of an inch from true alignment 
over the entire length of the pipe. 

The capacity of the laboratory air supply allowed operation at a maximum 
Reynolds number of approximately 20,000. No natural transition to turbulent 
How was observed up to that Reynolds number. However, the supply pressure 
varied widely for the higher flow rates and therefore stability measurements 
were not attempted beyond a Reynolds number of 13,000. 

All measurements were made with a hot-wire anemometer by conventional 
methods. In order to limit the size of the probe, only a U-meter was used. The 
wires were calibrated in a free jet. Figure 2 (plate 1) shows a typical hot-wire 
probe assembly used to make radial surveys inside the pipe. The hot-wire probe 
was accurately positioned in the radial direction by a micrometer gauge to which 
the probe was attached. The azimuth of the probe could be changed by merely 
rotating the entire probe assembly about the axis of the pipe. The hot-wire 
element itself was a platinum wire (Wollaston process) approximately 0-04 in. 
in length and 0-0002 in. in diameter. It could be placed at any radial position, 
relative to the wall of the pipe, with an accuracy of 0-003 in. 
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To take measurements at various axial positions while keeping a fixed radial 
distance from the wall, a probe was constructed which could be made to slide 
along the wall of the pipe. This probe is shown in the foreground of figure 2 and 
was called the ‘bug’. By means of the ‘bug’, measurements of signal amplitudes 
and phase angles could be made as a function of distance along the pipe. 
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FIGURE 3. Schematic diagram of disturbance generator. 


The disturbance generator was an electro-magnetic transducer which intro- 
duced velocity fluctuations of controllable amplitude and frequency into the 
flow within the pipe. Figure 3 is a schematic cross-section of the generator. The 
moving element was a thin (0-002 in.) eylindrical sleeve which lined the inner 
wall of the pipe over a length of 2 in. and was mounted concentrically to a coil 
located in a permanent magnetic field. An alternating current from a sinusoidal 
oscillator excited the coil and drove both coil and sleeve in longitudinal oscilla- 
tions. The motion of the sleeve altered the boundary conditions at the wall and 
superimposed disturbance velocities upon the axially symmetric parabolic flow 
field. 

Another means of generating axially symmetric disturbances, suitable for 
larger amplitudes, was to mount a ring airfoil within the cylindrical sleeve (see 
figure 3). The airfoil had a chord of 0-10 in. and a thickness of 0-003 in. The ring 
had a diameter of approximately 0-9 in. and was formed by truncating a cone 
having an apex angle of 6°. 

Proceduré 
The laminar velocity profile of the undisturbed flow was checked before each 
series of disturbance measurements. Upon satisfactorily establishing that the 
mean flow was axially symmetric and parabolic, preliminary surveys were made 
to determine the range of disturbance frequencies which appeared least stable, 
i.e. those which decayed least with downstream distance. Then radial and 
longitudinal surveys of the disturbances were made downstream of the disturb- 


ance generator and at various azimuth angles. 
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A stationary hot-wire probe was used to observe any variation in the charac- 
teristics of the disturbance during each series of stability measurements. The 
ideal location for this probe would have been immediately downstream of the 
disturbance generator. However, since the wake of the probe would have 
greatly interfered with the disturbance, it was located instead in the test region 
diametrically opposite the test probe. 

The hot wire was operated at a constant mean temperature. The mean square 
values of the disturbance amplitude were read on a millivoltmeter which was 
driven by a thermocouple attached to the output of the hot-wire voltage 
amplifier. Relative phase angles of the disturbance were determined as a 
function of radial and longitudinal separation distance by means of a dual beam 
cathode-ray oscilloscope. By applying the input voltage to the disturbance 
generator on one beam of the oscilloscope and the hot-wire signals on the other 
beam, relative phase angles of the disturbance velocities could be determined 
with an accuracy of approximately plus or minus five degrees. 


Undisturbed pipe jlow 
(A) The parabolic profile 

The velocity distribution of a steady laminar flow through a pipe, sufficiently 
far downstream of the entrance, is the well-known axially symmetric parabolic 
velocity profile of Poiseuille. When this profile was measured, deviation from 
axial symmetry was found throughout the pipe. The maximum velocity was not 
found to be on the geometric axis, the distribution being skewed as shown in 
figure 4. Radial surveys taken slightly downstream of the pipe inlet indicated 
that the asymmetry probably originated in the settling chamber; for the velocity 
of the core was not found to be uniform but slightly greater near the bottom of 
the pipe. Radial surveys of temperature and velocity were made within the 
settling chamber. However, the variation of these quantities was so minute that 
the results were inconclusive. 

A systematic reorientation of the various components of the settling chamber 
and a modification of the settling chamber inlet failed to affect the pipe 
velocity profile. The conclusion was reached that the configuration of the settling 
chamber was not to blame and that the trouble was thermal rather than 
geometrical. 

In order to combat distortions due to thermal effects, a heat source consisting 
of a nichrome wire wound on a curved glass tube, which spanned an are of 
approximately 150°, was placed at the upstream end of the settling chamber 
(see figure 1). By varying the heating current supplied to this element, one could 
fix the location of the maximum in the velocity profile, far downstream, above 
or below the centreline; added current displaced the profile upwards. The 
average amount of heat added was approximately 10 W; assuming that half of 
the air passing through the settling chamber was heated uniformly, the total 
temperature rise would have been 2-3 °C at R = 13,000. The amount of heating 
current necessary was found to be an increasing function of the room tempera- 
ture, which undoubtedly influenced the temperature of the air in the storage 
tank. It also depended somewhat on the Reynolds number. 
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Thereafter, this method of improving the velocity profile in the pipe was 
used. Prior to conducting stability measurements, velocity profiles were mea- 
sured at the stations where the experiments were to be conducted, and the 
heating current was adjusted as required. Typical examples of velocity profiles 
with and without heat added are shown in figure 4. 
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(B) Residual unsteadiness 

Small residual disturbances were found to provide a noise background in the 
flow. The mean amplitude of their axial component w’ U7 was measured. It had 
a maximum value of approximately 10-4. These disturbances were believed to 
be largely caused by radiated sound, because their amplitudes varied little 


across the pipe. 
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(C) The entrance flow 

Some velocity profiles were obtained at several Reynolds numbers in the 
laminar transition region of the pipe, where the entrance flow evolves into a 
fully-developed parabolic profile. These profiles were compared with the 
calculated results of Boussinesq (1891). Satisfactory agreement existed at the 
lower Reynolds numbers; however, at higher Reynolds numbers, the formula 
gave values for the length of the pipe required for the development of a para- 
bolic profile which seemed to be too large. For instance, at R = 13,000, the 
required length for a satisfactory profile was only 0-8 times the predicted 
length. 

The small discrepancies found between experimental and theoretical profiles 
near the walls were believed to be due to the interference between the hot-wire 
probe and the boundary. Regardless of the source, however, the discrepancies 
did not appear large enough to influence the results significantly. 


3. Results and discussion 

The small disturbances introduced by the periodic motion of the sliding sleeve 
decayed as they travelled downstream for all the Reynolds numbers at which 
the measurements were taken (i.e. up to R = 13,000). Larger disturbances 
introduced by the motion of the ring airfoil did not decay at all Reynolds 
numbers. The part of the investigation, relating to the dynamics of these larger 
disturbances, is taken up separately later. Presently the behaviour of the small 
disturbances is discussed. 

The data offered below covers a rather narrow band of frequencies. Pre- 
liminary tests indicated that frequencies above 45 c/s were damped so rapidly 
that accurate measurements could not be taken, while frequencies below 25 c/s 
caused difficulties related to the power requirements and to trace synchroniza- 
tion on the scope. Qualitative tests were made at frequencies ranging from 
2 to 15¢/s. The disturbances at these frequencies always decayed as they 
proceeded downstream. 

Axial symmetry 

While axial symmetry was attempted both for the mean flow and for the 
disturbances, the disturbance amplitude recorded and shown in figure 5 is not 
independent of azimuth angle. This departure from axial symmetry could be 
caused by a number of factors such as small deviations of the fully developed 
flow from axial symmetry, small leaks around the disturbance generator 
allowing the generator to pump when in motion, and imperfections in the shape 
of the sleeve. 

While departures from axial symmetry somewhat complicated the measure- 
ments, they lent greater generality to the results. In particular, it appears from 
figure 5 that the disturbances become more, or at least no less, axially symmetric 
as they proceed downstream. Thus, if one considers the perturbations to be the 
sum of an axially symmetric and a non-axially symmetric part, it appears that 
the latter decays at a faster rate than the former, as it proceeds downstream, 
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so that at least for the kind of disturbance tested the assumption of axial 
symmetry (as it is used in theoretical treatments of the problem) is not unreas- 
onably restrictive. 


General features of the disturbances 
The peripheral surveys, which were used to determine the degree of axial 
symmetry of the disturbances, appeared to indicate that the disturbances 
possessed the same general character, as a function of azimuth angle, at each 
streamwise station. This fact supported previous measurements which indicated 


the absence of swirl in the pipe. 
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Typical radial distributions of disturbance amplitude are given in figures 6 
and 7. These disturbances seem to have, on the whole, the same shape except 
near the wall where a second amplitude peak occurs in some cases. 

Inspection of the r.m.s. amplitude curve reveals that the w’ component of the 
disturbance velocity approaches zero not only at r = a (as is required by the no- 
slip condition at the wall) but also at r = 0. There seems to be no a priori reason 
to expect this result. 

The amplitude curves also indicate that the amplitude of w’ is a somewhat 
different function of r for different downstream distances. In general, the 
peak amplitude moves inwards as the disturbance propagates downstream. 
Figure 7 shows that the peak amplitude approaches an equilibrium position, 
but it is doubtful that similarity is really achieved before the disturbance is 


dissipated. 
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Radial variation of phase angle is given for several downstream distances in 
figures 8 and 9. The reference signal was measured at a different downstream 
station for each radial survey because of mutual interference of the two probes, 
hence, direct comparison between phase angles, at fixed radii for different 
stations, could not be made. However, ‘bug’ measurements, together with the 
driving voltage supplied to the disturbance generator, were used to establish 
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longitudinal phase distributions of the reference probe at fixed radial positions. 
Therefore, by adjusting the radial-survey phase measurements, in such a manner 
that they corresponded with the ‘bug’ measurements, at prescribed radii, the 
actual radial phase distribution at each station was recorded. Typical results are 
shown in figures 8 and 9. From these curves, it appears that there is an inward 
convection of the disturbances, and that at least in first approximation the 
convection velocity depends little upon r and therefore little on the local stream 
velocity. 
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Several of the curves (see figures 6 and 8, 7 and 9) show a rather abrupt phase 
shift of approximately 180°. The corresponding amplitude curves reveal that 
a velocity minimum occurs at the same radial position. A torroidal vortex would 
betray its presence in just such a way. It would, however, exhibit no phase 
shift except at its centre where the amplitude is nil. In our case, the disturb- 
ance is somewhat more complex. It appears first near the wall and then 
propagates radially inwards. 

Figure 10 reproduces the traces which appeared on the dual-beam cathode- 
ray oscilloscope during a typical radial survey. The top trace represents the 
driving voltage supplied to the disturbance generator. This signal provided a 
common reference for all phase-anzle measurements. The time scale runs left 
to right. The relative amplitude of the disturbance is indicated at each radial 
position. These pictures illustrate that the signal phase lags as r decreases. and 
they give an example of a null occurring at r/a = 0-792, together with a phase 
shift of approximately 180°. 
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Longitudinal surveys yielded rates of decay of the amplitude with x. These 
measurements, made with the ‘bug’, were quite sensitive to small orientation 
errors of the probe and great care had to attend them. Figure 11 shows, on the 
assumption that the decay in x is exponential, that there are two distinct rates 
of decay. The first one is believed to be associated with the radial redistribution 
of the disturbance amplitude and the second one with the characteristics of 


reasonably general disturbance profiles. 
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The comparison of the phase angles of the signal, at various x-wide stations. 
with that of a reference signal at a fixed but arbitrary position (figure 12) sup- 
ports the view that the disturbances are convected downstream at a rate which 


is independent of x. 


An idealization of the experimental disturbances 
In the Introduction it was noted that the disturbances generated for the 
experiment reported presently were unavoidably different from the elementary 
disturbances assumed in the linear perturbation theory. It can be seen from 
figures 6 and 7 that in the experiment the disturbance amplitude is far from 
homogeneous in the x-direction. Since, in fact, the disturbance amplitude 
decays largely in one wavelength, it is natural to suspect that an x-wise homo- 
geneous representation might be seriously unrealistic. We have seen that, in 
view of the data, the assumptions of axial symmetry and of constant convective 
speed were not too restrictive. In addition, if one neglects the initial radial 


readjustment of disturbances, the assumption of radial similarity would seem 
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tolerable. In view of these facts a first-order description of the experimental 
disturbances generated in the present experiment might be 

Y = f(r) eretiot, 
where v is complex and w is real. This is the stream function of a disturbance 


periodic as well as exponential in x and periodic int. It is clear that such disturb- 
ances lend themselves to small perturbation analysis, since they were formally 
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identical to the disturbances which satisfy the Orr-Sommerfeld equation (or 
rather the corresponding equations for fully developed pipe flow). The analysis 
would define the dependence of the real and imaginary part of v (the x-rate of 
decay and the wavelength, respectively) on the frequency w and the Reynolds 
number. Such quantities would be more directly comparable to those measured 
here. However, it was thought of interest to attempt a comparison of the present 
results with those of the recent theoretical analysis due to Corcos & Sellars 
(1959). In particular, in view of the fact that the disturbances are convected 
downstream at a uniform rate, it is possible to compare the measured convection- 
speeds with those of the theory. In addition, one may consider the rates of 
decay in x as time rates of decay for an observer traveling with the disturbances. 
Accordingly, the values of the damping factor c; were obtained from the slopes 
of curves similar to those shown on figure 11. 
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From equation (1), the streamwise component of the velocity can be written 


aa 
Y (r ; 
Mu Pak ( ) nacjt piale Crt) (2) 
yr 


Here c has been written ¢ = ¢, + i¢;. 


The change in amplitude with respect to time can be expressed, using (2), as 


u Mts 
2 : | os } | 
exp ac, at}. (3) 


u | 


1 Jt, 

In figure 11, 2, corresponds to a station 3-6 diameters downstream from the 
sleeve. The r.m.s. amplitude of the disturbance velocity is uj at x) and w’ at 
stations downstream of 2». 


Writing (3) in terms of the measured quantities, we get 





nu’ (x) | 
; = exp ac, dt 
Uo Jez) 
F *t(x) 
u 
or 2-3 log,) G = xe, dt. 
Uy « U(X) 


Differentiating with respect to ¢ and using the relation dxz/dt = c,, this equation 


then becomes a ; 
2-3c, d u 
Cc, = [logy ;), (4) 
x dx u 
) 
where a = 27a A. The non-dimensional wave velocities c, were determined from 


curves similar to those shown in figure 12. The longitudinal distance the ‘bug’ 
had to be displaced to observe a 360° phase shift was called the wavelength A of 


the disturbance. Then, by definition, 


Af 


ry = - x (5) 
max 
where / is the frequency of the disturbance and (7, is the maximum undis- 
turbed stream velocity. Figure 13 compares both c, and ¢c, with the values given 
by the theory of Corcos & Sellars (1959). The values of the propagation velocity 
c,, which were deduced from the present measurements, are seen to be generally 
higher than those predicted by the theory for streamwise-homogeneous disturb 
ances. On the other hand, the values of the damping factor given by the 
experiment agree rather well with the predictions of the theory. A fair amount 
of scatter appears in the measurements, in part because radial phase differences 
are large and a small amount of radial convection or readjustment introduces 


fairly large errors in apparent axial phase shift. 


Ring airfoil: larger disturbances and transition 
It has been shown above that small disturbances decayed at all Reynolds 
numbers investigated. Upon introducing the ring airfoil, disturbance amplitudes 
were increased appreciably and the stability characteristics of the flow changed 


markedly. At low Reynolds numbers comparison with theory is no longer 
possible and at. higher Reynolds numbers the wake from the ring airfoil, when 
held stationary, was sufficient to cause transition to turbulent flow. 
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Results of measurements at a Reynolds number of 4000 are shown in figure 13. 
These results indicate that the larger disturbances propagate at a greater speed 
and decay more slowly than those generated by the sleeve and they stand far 
from results of the theory. Tests made at R = 8000 showed that transition was 
induced when the airfoil was oscillated with the smallest possible amplitude. 
At R = 12,000, with the airfoil held stationary, the induced disturbances were 
amplified, as they propagated downstream, with transition to fully turbulent 
flow finally resulting. A detailed description of this phase of the work was 
presented by Kuethe (1956). 
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5. Conclusions 

The following conclusions can be drawn from the present investigation. 

1. Axially symmetric Poiseuille flow was found to damp the small disturb- 
ances introduced, whether they be axially symmetric or not, up to a Reynolds 
number of 13,000. 

2. Experimental values of rate of decay were found to agree satisfactorily 
with those given by a recent theoretical analysis, even though assumptions of 
axial symmetry and longitudinal homogeneity of the disturbance are assumed 
in the latter. 

3. Toa first approximation, the propagation velocity of the disturbance does 
not depend upon radial position, hence upon local stream velocity, and is 
independent of distance downstream. 

4. It has been found that small disturbances decay at all Reynolds numbers 
investigated and that large disturbances are unstable. Therefore, for fixed 
Xeynolds numbers some disturbance of intermediate amplitude must be 
marginally stable. 
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On the stability of fully developed flow in a pipe 
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The stability of infinitesimal axially symmetric disturbances in fully developed 
pipe flow is examined anew. The classical eigenvalue problem is treated in part by 
asymptotic methods and leads to an algebraic relation between the eigenvalue c, 
the disturbance wavelength 27/a, and the Reynolds number. Examination of 
the limiting cases of this relation reveals the existence of two families of charac- 
teristic numbers, the value of which tends to unity and to zero as the Reynolds 
number increases without bounds. For the latter, a more accurate solution is 
required and given. It is found that all eigenvalues yield stable solutions and 
that for a given wave number and Reynolds number only a finite number of 
eigenvalues exists. 

The limitations of the analysis are discussed in the light of a recent experi- 
mental study of the same problem. 


1. Introduction 

[t is generally believed that fully developed flow in a pipe is stable at any 
Reynolds number when it is excited by infinitesimally small axially symmetric 
disturbances. While several authors have considered this problem, the proof of 
stability offered by Sexl (1927, 1928) has served as a stancard reference. A recent 
investigation by Pekeris (1948a) points out that certain a priort assumptions 
about the nature of the stability criteria (the eigenvalues) damaged the rigour of 
Sexl’s proof. The same paper gave an independent demonstration of stability. It 
has been shown that Sexl’s work may be criticized on other grounds as well 
(Coreos 1952), and the present paper shows that Pekeris’ work is incomplete in the 
sense that he only investigated one class or family of modes while two distinct 
classes of modes can be found. These two sets of modes are very similar to those 
found by Pekeris (19484) in connexion with two-dimensional Poiseuille flows. 
In the latter problem, one of the sets is always stable while the other contributes 
the unstable perturbations at some Reynolds numbers. In our case, as the 
following development will undertake to show, both sets are stable or positively 
damped. 

Nevertheless, the second set of modes deserves to be studied because it generates 
the least stable disturbances, because it is germane to the unstable set of the two- 
dimensional problem, and because it corresponds rather well with a set of modes 
which is observed experimentally (Leite 1959). 
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In the following, the eigenvalues corresponding to any mode are given as func- 
tions of Reynolds number and wavelength, and it is shown that the number of 
modes present (i.e. the number of eigenvalues) is finite and depends for a given 
wavelength of the disturbances upon the Reynolds number. 


2. The formulation of the problem 

Let the mean flow be an axially symmetric pipe flow, and let the disturbances 
be axially symmetric and periodic in the direction of flow, i.e. the stream function 
has a perturbation of the form 


u(x, r,t) = P(r) et, 


Then the appropriate differential equation for the eigen function ¢(7) (Sex! 1927) is 


(W —c) ier 2 236) +4 End w") 


r 


+a4p|. (2.1) 





Here c =c,+1¢; is the eigenvalue, « is the wave-number of the disturbance, 
W = W(r) is the non-dimensional main stream velocity profile, and R = (centre 
velocity) (radius of pipe)/(kinematic viscosity) is the Reynolds number of the 
flow. Primes indicate differentiation with respect to r. The boundary conditions 
at the origin (centre of the pipe) require that the disturbance be axially sym- 
metric and bounded, i.e. 

lim®=0 and lim® 
r>o0l r>o0 7 


is bounded. (2.2a) 


On the walls, the kinematic and no-slip conditions are equivalent to 
(1) S ¢’(1) = (), (2.25) 


A stable disturbance is characterized by c, < 0, a neutral disturbance by ¢; = 0, 
and an unstable disturbance by c¢, > 0. 

In general, the differential equation (2.1) will have four linearly independent 
solutions. The method of approach adopted herein will enable us to eliminate 
immediately those solutions which are not sufficiently regular near the origin. 
The remaining two solutions we will denote by ¢,; and ¢,. Then the appropriate 
solution may be written as a linear combination of ¢; and ¢, 


6=C,4,+C (2.3) 


7 irs 2/7 


a* 
Applying the boundary conditions (2.2), we will obtain two homogeneous equa- 
tions for the constants C, and C,. In order for a non-trivial solution to exist, the 
determinant of the coefticients C, and C, must vanish. We thus obtain 

Q:(1) ¢,(1) 


F(a,aR,c)=| ‘? ie — (. (2.4) 
( v,C) gl) (1) ( 


This equation gives the functional dependence of c on x and «RF and thus indicates 


for what Reynolds number, if any, disturbances will grow in time. 
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3. The determination of the ‘inviscid’ solutions 
For Poiseuille flow, W(r) = 1—,r?, and the differential equation (2.1) may be 


written conveniently as 


in ae ee P , 
Piaf ~af- RP ef ee, (3.1) 
where eo” —*-ad =f. (3.2) 


This form has been previously utilized by both Sex! and Pekeris. 
Clearly f = 0 is a solution of (3.1); substituting in (3.2) we obtain ¢ in terms of 
Bessel functions of order unity, of the first and of the second kind, i.e. 


g, =r, (tar), db, = rY, (tar). (3.3) 


These are two linearly independent exact solutions of (2.1), and they are usually 
referred to as the inviscid solutions, since they are solutions of the perturbation 
equation for R = oo. The second solution ¢, is rejected immediately in conformity 
with the boundary conditions at the origin, and thus we obtain 
d,; = rd, (tar). (3.4) 
4. The determination of the second independent solution 
Equation (2.1) has power series solutions which are convergent throughout 
the interval 0 < r < 1. However, these solutions converge very slowly because 
positive powers of af (a large number) occur as coefficients in the series. This 
type of expansion is therefore of little use to us for an explicit solution. Instead, 
we resort to an asymptotic development due to Heisenberg. We look for a solution 


of the form 


¢ = ef, (4.1) 


and we assume that for large enough values of «R we can express g by the 


asymptotic series 
qg = (aR)" gy+g,+(aR)-" got... (4.2) 


Substituting (4.1) and (4.2) in (2.1) and equating coefficients of equal powers of 


ak, we find that 
p y 
m=3; Jo=t} VU(W—e)jdr; g, = log- rt 


Jr. (W—c)t 


Making use of the first and second approximations only, we write 


¢, = 1(W —c)-*[Ay, (ro, 7) + Bx_(ro,1)], (4.3) 
wl > , ae . i {,y~ Pi Ww ’ | 
1ere V.(a,b) = exp) + | J{iak(W —e)jdry, 
ea 


rh 
v_(a, b) = exp | — | J {iak(W—c)} ar / 


ea 


te 
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and where the ratio A/B will now be determined around the origin by comparing 
?, With a regular (viscous) solution valid in the neighbourhood of r = 0. 

We note that ixR(1—r?—c)+iaR(1—c) for small values of r. Making this 
approximation in (3.1), and neglecting a? compared to «R, we can write the 
solution of (3.1) directly in terms of Bessel functions of order one. Thus 


f = hrJd (tyr) + UY (y"), (4.4) 
where y = {ixR(1—c)}4 and / and /are constants. From (3.2), this gives directly 
b, = hrJd(iyr) +h r¥ (tyr) (4.5) 


provided y +, which will always be true in any of the cases of interest. 
The boundary conditions at the origin require that /, be zero, and thus ¢, must 
be represented near the origin by 


Pa = hyrJ,(iyr). (4.6) 


Even though this representation is restricted to small values of r, if aP is suf- 
ficiently large, we may make yr large enough to use the asymptotic form of the 


above Bessel function. Then we have 


! lL; ye 1 9 . ye \ 2 . mn 
$, = hyrlexp{—CiaR(1—c))t r+ 377i} +exp {+ (iaR(1—c))4 — Za} ], (4.7) 
provided —7m < argifiaR(1—c)!* < 27. 
On the other hand, if ry = 0, (3.3) becomes for very small r (bounded from zero) 
! | ( . 1 . \\ 4 
O, =re(l—c) t[Ayexp{+CMaR(1—c))?r'+Bexp{—Gak(1—c))? rj], (4.8) 


where the notation A, and &, is intended to indicate that ry in (4.3) is taken as 
zero. A comparison of (4.8) and (4.7) gives 


A 


B = 2. (4.9) 


0 

The ratio A/B has now been evaluated so that ¢, corresponds to the solution 
with the proper behaviour near the origin, but we must impose certain restrictions 
upon the use of (4.3) with (4.9). First, it is clear that (4.3), an asymptotic approxi- 
mation for large «R, fails at r = 0; although it is valid (in the sense of being a good 
approximation) arbitrarily close to r = 0 for sufficiently large «R. This point will 
be dealt with later. Then since (4.3) contains a singularity for W = c, which is a 
regular point of the differential equation (2.1), the asymptotic representation fails 
there also. Finally, we should not expect the ratio 4/6 as found in (4.9) to remain 
the same for the whole interval, particularly in the neighbourhood of the singu- 
larity W = c. The reason can be set forth as follows. Our asymptotic representa- 
tion must be single-valued if it is to approximate an exact solution of (2.1). On 
the other hand, the functions y, and y_ have branch cuts and are multi-valued 
functions of the complex argument r. 

Thus a single linear combination of y, and y_ would yield a non-unique 
solution. On the other hand, it is possible to chose the coefficients of y, and y_ 


corresponding to various parts of the complex r plane in such a manner as to 
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satisfy the two requirements that we must place upon the solution: (a) that it be 
unique; (b) that it be continuous, or at least that discontinuities in the solution be 
of the order of the errors made by an asymptotic approximation. 

The question is examined in detail in the Appendix. The need to modify the 
linear combinations of asymptotic solutions here and there (in our case on three 
discrete lines) was first described by Stokes, and the lines on which solutions are 
connected to each other are termed the Stokes lines. 
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FIGURE 1. The complex r-plane and the Stokes regions. 


The Appendix shows that Stokes lines originate at the complex value of r for 
which W = c, that they divide the complex r plane into three regions (figure 1), 
and that we should expect r = 0 to be in Region III and r = | to be in Region I. 
Furthermore, the connexion formulae taken together with (4.9) yield 


A 
B, il alta (4.10) 
where Q=2 | V{iaR(W —c)}dr = ef7"(aR) Ank?, (4.11) 
Jk 
with =) —e¢; 


5. The eigenvalue equation 
Henceforth in evaluating integrals of the type 
eg “() 
iakR(W—c)'dr and | V{taR(W —c)dr, 
Jk Jk 
we shall choose our arguments in conformity with the convention adopted when 
we defined tiie Stokes regions (see Appendix). Proceeding with this in mind, we 
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may write the determinant (2.4) explicitly. We thus obtain an algebraic eigen- 
value equation. Simplifying a little, we get 


t 


[djdrirJ,(iar)j],, 5 1 





Ul (ake : > = 
i Ji(ix) Zz 6S m 
(1 —e®) ef —1 : = (5.1) 
bri, (eRe) djdrird,(iar)},., 5 1 
Ca LIC} — ; = 5 1 
V J,(ix) 26° «2 
i. . | | l+ci 
where Veg JfiaR(W —c)\dr = e-4"',/(aR) | c? — k* log j 
Jk h 
and where we have taken 
—m<arg(c)<m and -a<argk <7. 


The solution of (5.1) will determine c as a function of x and of aR. 

Equation (5.1) has to be solved by trial and error for any value of « and aR, and 
a representative tabulation would be very time consuming. However, the im- 
portant conclusions can be drawn without resorting to extensive numerical work. 
[t is sufficient to note the general behaviour of the eigenvalues and to develop 
formulae for the interesting limiting cases. 

We shall successively assume that ¢ is non-vanishing as aR > oo and that 
c-> 0as aR —> », and we shall thus get two different limiting representations for 
the eigenvalues. These representations we shall call families of eigenvalues. 


6. The first limiting form 

Let us first assume that c is non-vanishing as ~R — «. Then for large aR the 
right-hand side of (5.3) is approximately —7?, while the term exp (P) grows very 
large. Thus the term (l—e®) must be very nearly zero. We have for this case 


eo? ie 

Q 27 Ni, 
4N : 

c=14 e409) (N = 1,2,3...). (6.1) 
(ak)2 


It is seen that all values of ¢ given by (6.1) correspond to damped disturbances. 
We have taken only positive values of V in (6.1) because negative values would 
give values of ¢ which are inconsistent with our connexion formulae. 

The family of eigenvalues given by (6.1) requires that ¢ > las zR +o, Asa 
consequence, the Stokes point approaches the boundary r = 0 for increasing 
values of aR and the following question should be raised. Is the matching of our 
asymptotic solutions with Bessel functions in the neighbourhood of the origin 
legitimate’? In the neighbourhood of the origin the argument of the Bessel 
functions used is i{izR(1—c)}4r. The question is whether there is in Region II] 
a neighbourhood of r = 0 for which the argument is large enough to justify the 
use of asymptotic expansions. Substituting for c from (6.1), we get for the 


representation in the neighbourhood of the origin 


b, = rJ,[E(aR)tr], 


| 
| 
| 
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where £ isa constant. Now it is true that r = 0 is, in addition, only a distance of 
order (aR)~-4 away from the Stokes point. However, use is made of the asymptotic 
expansions not at 7 = 0 but in a neighbourhood of it which can be chosen for con- 
venience anywhere in Region III provided that in this neighbourhood r < 1, 
say, |r| > (aR)-4. It is therefore evident that the matching to the Bessel function 
at the origin can always be made even for the family of eigenvalues (6.1), pro- 
vided «FR is large enough. In addition, an obvious restriction to the use of (6.1) is 
that 4N < aR, so that only a relatively small number of modes is given with 
accuracy by (6.1). 

Pekeris (1948 a) derived an equation identical to (6.1) to the proper order of 
approximation by an independent method.* However, this method did not 
yield the other family of eigenvalues, namely. that for which ¢ > 0 as aR > oo. 
This is the case to which we now turn. 


7. The second limiting form 


For small c we find that 
P = §(aR)tche-t, 


and note that e2?-+>0 as aR-oo. 
Defining 6 = (2iaR)bc, 


we are able to write the eigenvalue equation in the following form: 








exp/\2 iat} = (24843), 
| 3 | | (2483 4 5} 
This leads to the formula 
37 E 4f) . 
63 = aN 5 — (N =0 | Pee) & (7.1) 
23 7 
2 
where # = arctan — 6}. 
»” 


There are discrete values of 6 corresponding to the various modes; and as 6 in- 
creases, 44/7 rapidly tends to 2, so that for the higher modes 


c= ; -(32(4.N + 1)]8. (7.2) 
2(2iaR)3 

Again, we see that we have a set of eigenvalues corresponding to damped disturb- 
ances. We must again restrict the value of N in (7.1) so that |c| < 1. Figure 2 
now gives an approximate picture of the eigenvalues in the complex c-plane for 
a given value of aR. At each end of the interval there are a finite number of 
eigenvalues described by (6.1) and (7.1). In between we cannot simplify the 
eigenvalue equation, but a few numerical computations at given Reynolds 
numbers suffice to give the behaviour of the solution. The results indicate that in 
the middle region there is again a finite number of eigenvalues. The actual number 
* Pekeris’ third term (1948a, equation (44)) is of the order of (a?/zR) and can be 


obtained by the present method if one proceeds as above after defining in (2.1) and (3.1) 
a quantity c = c+7a?/aR, instead of neglecting «* compared to iaR. 
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of solutions possible for a given Reynolds number and a given wave-number is 
relatively small but increases, of course, as xR increases. For instance, there are 
about eighteen eigenvalues for «R = 10,000. 

The same sort of objection can be made to (7.1) as was made to (6.1). The Stokes 
point approaches the boundary r = | as Rk - »; hence, is the asymptotic repre- 
sentation valid’ Here the objection is more serious, and a little reasoning (Corcos 
1952, p. 25) shows that the argument of the asymptotic expressions is, at least for 
lower modes (.V small), of the order of unity no matter how large aR is. Therefore, 
we will now obtain a more accurate representation of the family for which c > 0. 





0. 01 O2 _03 * 04 05 0-6 0-7 0-8 0-9 1-Oc. 
SY 
-(] 
Equation 
>? 
Equation (5.1 
0-3} 
O x 
0-4! 1 1 4 1 1 1 M | | oe eee 
FIGURE 2. c; vsc,, for aR = 10,000. 


8. Expansion in terms of a convergent series 

We will attempt to connect the preceding work with an alternate development 
which should give a more accurate representation of the viscous solution when 
the boundary is in the immediate vicinity of the Stokes point. We will use a 
notation suggestive of the corresponding quantities in the work of Lin (1945) in 
order that some of his results may be utilized. 

We will first translate our origin of co-ordinates to the wall so that the slope of 
the velocity profile will be positive near the wall to correspond to the convention 
used in plane Poiseuille flow. We define 


y= 1-r. 
Thus, the Stokes point is given by 
y, = 1-k. 
Further, following Lin, we take 
én = (y- Y;.) 


ad 


and (W—c) = Wi.He+ —* (ne)? + smi 


where ¢ = (aR)-}. We then express (2.1) in terms of 7 and look for a solution of 


the form Yo 
Q9=9 +€O 


Pit eS 


1 
Pot .o-- 


We find that ¢, satisfies the differential equation 


, in 


eS — 7 ! 
—id9 = Wd". 








fi 
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The viscous solutions are given by the particular solutions (Lin 1945; equation 


(4.9)) 


a ar 








v} 
Bi Fe kM 2; 3 
Qs dé dy pOH 3 (tao)? |] 
J +2 J +a 
I ‘a °s 2)\r 27° 3 
and = | dé | du pH? 3 (ico )3), (8.1) 
J -a J—-a 
dW\3 
where i. = | ' 
dy J yay 


and H‘!:?) represent Hankel functions of the first and second kind of order one- 
third. Our problem is to connect these solutions with the asymptotic viscous 
solutions. For small values of c we have seen that e® is very small. If e® is taken 
as being exactly zero, we have in Region I (near the wall) 
73 
4 , a os ; , . > 
ba = Ay — Ly (kr) —ix_(k,)]. (8.2) 
(W—c)3 

We may ask what combination corresponds to this in Region III. From (8.2) we 
take B, = iA, in the connexion formula (4.11), which yields 


Ay = Ay, Byy = 9. 


This shows that near the Stokes point only one of the viscous terms in Region IIT 
has significance. We then have 
Ar} 
f Z . - 
o,=—= - ¥,(k,r) 
(W —c)i 
for r near the Stokes point in Region III. Near the Stokes point this solution may 


be rewritten approximately as 
250 3 
E3taeg7)* 


f a 
Yq = const. x - 


yh 

Similarly, d, as given by (8.1) may be expressed asymptotically for large values 
of » by 

] F ehilixgn)t 
3 = const. x , 
nt 
So it can be seen that the viscous solution is expressed (to the proper order of 
approximation) by ¢,. Since @, is analytic in the region about the Stokes point it 
must represent the solution everywhere in that neighbourhood. In particular, 
it is valid on the boundary, and we may formulate our eigenvalue determinant 
in terms of this solution and the inviscid solution rJ,(izr). 


9. An alternat.ve determination of the eigenvalues 


Writing the eigenvalue problem in terms of ¢, leads us to the expression 


— J,(ta) 


, 9.1 
[d/drirJ,(iar)}},_, oma) 


= (k—1) F(z) = 
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where z = (1—k) (aR)! (2k)* and F(z) is the Tietjens function 
perk 
| dE} du pdHP GH) 
fi a 
-2 | dup (Rin) 
~ @ . 
which has been tabulated by Tietjens and by Lin for real values of z corre- 
sponding to neutral disturbances. Since 


J,(ix)|[d/drtrJ (iar)} 4 


is real and positive for all values of x, a neutral disturbance would require that 
F(z) be real and positive for z positive. According to the tabulation of F(z) given 
by Lin (1945, p. 140), this can only occur at z = 2-5, F(z) = 0-51. These values 
substituted in (9.1) are found to require x to be of the order of (xR). For this case 
the whole treatment is invalid. However, the work of Synge (1939) indicates 
that very short wavelength disturbances can be expected to be stable from energy 
considerations. Thus, we conclude that there is no neutral disturbance. A very 


interesting and significant comparison can be made between this family of 


eigenvalues and those of Couette flow. The inviscid solutions for Couette flow are 
sinh ay and cosh ay. Using these, Lin’s formula (1945, equation (6.13)) becomes 


ae (9.2) 


(°:) sinh x (*) cosh x 
Y3 4 


_ ax cosh & 


If we look for solutions of this equation for which c is small, the second right-hand 


term can be neglected since 


(0) . sinh x 
0(0) —— [d/dy(sinh ay)],,-4 


is remarkably similar to equation (9.1). This means that Couette flow has one set 
of modes given by an equation similar to equation (7.2). Another set of modes will 
be found for which c > las aR > «. These two sets correspond to the dominance 
of the term 


or the term 


respectively in equation (9.2). Forc in the middle region, these terms are of equal 
importance and the whole equation must be considered. The eigenvalues are 
given qualitatively by a figure similar to figure 2, but are symmetrical about 
c = 3. We may now determine the eigenvalues of both Couette flow and pipe flow 


for whiche > Oas aR — , using the Tietjens function. Since the terms involving 
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the wave number are independent of «RF and c, F(z) must grow large without 
bounds if y — y, — 0. This happens when z satisfies the equation 
Y-% PI 


[a OHM Rin)? = 0, (9.4) 


where for Poiseuille flows 
z = [1—/(1—c)] (1—c)t 2)(aR)}, 
and for Couette flows z = c(aR)}. 


Equation (9.4) gives a discrete set of values for z, which we will denote by z,. 
These zeros lie in pairs which are very nearly reflexions in the ray (argz) = §7. 
The first pair is approximately 


Zo = 4:23e breve? , (9.5) 


a result obtained by a numerical integration using tabulated values of the inte- 
grand (Furry 1945). Other values are 


1 9°) 5 * or 
‘ — &.8,(—47+12°)i ‘a — Q.%o(—37+8°)1 
234 = 6:8e\* > %5 6 = roe BY, 


The most critical of these values, z; = 4:23e-727', was checked on a differential 
analyser; the others are only rough estimates. Figure 2 is a plot of the eigenvalues 
corresponding to aR = 10,000 and belonging to both families (i.e. the family 
c > 0as aR > ~ obtained by integrating (9.4) and the family c > las aR > 
given by (6.1)). Inthe region where the two families join, neither representation is 
accurate, and the complete equation (5.1) should be used. Nevertheless, figure 2 
illustrates quite well the fact that there exists only a finite number of modes for 
any ak. 

It is interesting to note that for the first few modes an asymptotic formula such 
as the one given by Hopf (1914) in the case of Couette flow is very inaccurate. 
For n > 6 the roots of (9.4) are given to sufficient accuracy by the asymptotic 


equation 
303 5 5 
ee pee oe is : 2 —linsgk 11) ot okini — 
exp {Ze-4 zt — 5, mi} —exp{ — Ze-t728 — 117i} + —_- zt ett! = 0, 
Pig sans ri% 12° T 0.853 
ln > (argz) > — $7 (9.6) 

rm) ‘ ad 1 1 - 
Thus 2, = 4-23e-a97! = {1 —,/(1—c)} (1—c)*z4(aR)! (9.7) 


yields the most critical value of c, that which corresponds to the least damped 
solution. The results, calculated by means of (9.7) are compared to corresponding 
values from a differential analyser (Corcos 1952) in figure 3. Unfortunately, it 
was not possible to operate the analyser above «R = 1250, and thus («f)! cannot 
be said to be extremely large for this case. Nevertheless, the results agree 
surprisingly well. The small amount of scatter in the computer data should be 
charged to the computer itself. 

The close concurrence between the results of the differential analyser and the 
analytical formula (9.7) derived above give considerable confidence in the 
accuracy of the asymptotic methods. At low Reynolds numbers, the problem 
lends itself especially well to study with a differential analyser. It was noted in 
the course of the computer study that there were few eigenvalues corresponding 
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to a given value of « and «RF, and that the solutions yielded large decays in time. 
It was also clear from the character of the solutions of the differential equations 
that none would meet the boundary conditions with a negative value of ¢; 
(corresponding to an unstable eigenvalue). 

Thus it must be concluded that Poiseuille flow damps infinitesimal axially 
symmetric disturbances of the type assumed here. 











O8r = - ——— — —— nT 
—_ c, Equation (8.7 
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FIGURE 3. c¢,, c; vs (aR). 


10. Conclusions 

The purpose of a stability analysis is to provide information about the pheno- 
menon of transition from a laminar flow to a turbulent one. In recent years it has 
been more fully realized that while the small-disturbance theory has a legitimate 
basis in fact (Schubauer & Skramstadt 1947; Liepmann 1943; Laufer 1956), it 
plays only a fragmentary role in the description of transition. 

To begin with, if the oscillations grow, they eventually reach an amplitude 
beyond which linearization of the equations of motion is inadmissible. At this 
point we lose even qualitative information about the further development of the 
disturbances. They may grow, settle at some finite amplitude or decay. They may 
appear as localized turbulent spots or spearheads (Emmons 1951; Schubauer & 
Klebanoff 1955; Rotta 1956), and these may or may not spread. Here an entirely 
different type of analysis seems to be required to describe the spatial growth of 
a finite, even fully developed disturbance rather than the temporal growth of an 
infinitesimal one. Finally, even when small disturbances are guaranteed not to 
grow within a region of flow, disturbances of finite (but not necessarily large) 
amplitude may be ‘imported’. The free stream turbulence of a wind tunnel may 
induce in boundary layers oscillations large enough to invalidate the conclusions 
of a small-disturbance analysis. In the problem which occupies us, finite dis- 
turbances may very well propagate downstream from the entrance of the pipe. 
There are good grounds (Tatsumi 1952) for believing that, for some Reynolds 
numbers, as the boundary layer grows on the walls of the pipe entrance, it is 
capable of amplifying infinitesimal disturbances before they reach the down- 
stream portion of the pipe where fully developed parabolic flow prevails. Are we 
able to deduce from the analysis presented here that contamination from upstream 


is indeed the only means by which disturbances in a pipe can acquire a finite 
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amplitude? Unfortunately, this analysis taken by itself does not justify such 
strong conclusions. On the other hand, a recent set of experiments performed by 
Leite (1959) on fully developed pipe flow usefully complements the analysis. 

There are three main reasons why one might hold that the small-disturbance 
analysis of fully developed pipe flow is incomplete. 

(a) Axially symmetric disturbances have been assumed. This is an arbitrary 
albeit necessary restriction designed to permit separation of variables. No 
analytic considerations have been advanced to bolster the hope that asymmetric 
disturbances behave as symmetric ones do. However, Leite (1959) purposely 
introduced small disturbances with no symmetry. They became more axially 
symmetric as they progressed downstream. Thus the asymmetric part of the 
disturbances decayed faster than the symmetric part. 

(b) It has been pointed out that the analysis yields a finite set of eigenvalues 
and hence of eigenfunctions for any given value of « and of ~R. This means that 
arbitrary initial disturbances which are held to satisfying continuity cannot be 
represented as we have assumed by a sum of elemental solutions of the form 


u(r, x,t) = P(r) e*. 
For instance, Winitiay = f (7, R) cosa, z, 
where f(r, 2) is an arbitrary continuous function of r subject to our boundary 
conditions, cannot be represented in the analysis since, according to our results, 


f(r) can only be the linear combination of a finite number of eigenfunctions, i.e. 


n 
f(r) = D5 4,¢,(e, BR, 1). 

1 
Leite found that the rate of decay for the disturbances he introduced was given 
with relatively good accuracy by the present analysis. This would seem to indicate 
that the rates of decay are not very sensitive to the form of the disturbance so 
long as its amplitude is small. 

(c) Finally, in the analysis disturbances are assumed periodic for 
—0O <X< Oo. 


This is only one class of perturbations. For instance, disturbances introduced by 
a small roughness on the wall or artificially as in Leite’s pipe occur, instead, at 
a given downstream section. If they are heavily damped or heavily amplified, 
say if the amplitude varies appreciably in one wavelength, the distinction may be 
important. This criticism naturally applies also to the study of boundary layer 
stability. One should perhaps not expect as good agreement between theory and 
experiment when the decay or amplification rates are large as say for the deter- 
mination of a neutral curve. For pipe flows, since the experiments suggest heavy 
damping, it might be instructive to analyse the problem anew with disturbances 


of the form Wir, x,t) = dlr) es triot, 


where v is complex and w is real. 

Leite’s experiments and the present work taken together do not amount to 
a proof that small disturbances cannot grow in a fully developed pipe flow, but 
they provide a very strong indication that this is the case. 
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Appendix 


The Stokes phenomenon 
Since, in general, the point W = c corresponds to a complex value of 7, we shall 
extend r into the complex domain by analytic continuation, and we shall make 
use of the fact that a true (i.e. exact) solution of (2.1) is single-valued analytic and 
continuous at and around the ‘Stokes point’ W = c. This avoids the indeter- 
minacy introduced with the asymptotic solutions. The following development 
which is related to some of Langer’s work is essentially due to Furry (1947), and 
the general approach is known as the W.K.B. method. 
Let W = c whenr = k and define 
hi 
a | J{i(W —c)} dr. 
k 


. 


Then if (r—k) = /, we have in the close neighbourhood of k 


U=| — \{-i2h) Bdp = 3y(—2ik) ph. 


0 


. 


We seek the lines in the complex plane for which U’ is a pure real number. If we 
define arg (7?) = 47, the approximate expression for Ll’ above shows that at least 
in the vicinity of & these lines are such that 
arg fp = —40+ 3Na+arg Jk. 

That is, there are three such lines which make 120° angles with each other near 
the Stokes point (figure |). Away from the Stokes point these lines will be curved, 
because the approximation for LU’ above will not hold for /-large. The sign of 
U alternates from line to line, so that for a given line it depends on the number of 
revolutions around the point /. These lines will be designated as the Stokes lines. 
In a similar way, U’ is purely imaginary near the Stokes point on lines such that 
arg (P) = 47+ $Na+arg yk. As one proceeds out along a Stokes line the ex- 
ponential terms exp|, (2) U], exp[—, (aR) U] in the asymptotic expressions 
become either very large or very small depending on the sign of U associated with 
that line. This a consequence of the assumption that af is a large number. Thus. 
if we were to traverse the /-plane in such a manner as to cross Stokes lines. we 
would successively see the coefficient of A in (4.3) become much larger than the 
coefficient of B, then the coefficient of B overpower the coefficient of A, ete. When 
one is on a Stokes line, the small exponential term is in fact smaller than the order 
of approximation of the asymptotic representation. On the other hand, on the 
lines of pure imaginary LU’, the coefficients of A and B have precisely the same 
magnitude. It is apparent from this observation that if we need to change our 
coefficients A and B within the interval, the proper place to modify them will 
be on the Stokes lines. There the coefficient of the small term could be modified 
without materially altering the value of the sum of the two asymptotic expres- 
sions, and thus without introducing a discontinuity in the representation. 


We now inquire whether the original ratio A/B need be modified within the 
interval (0 < r < 1). We define the Stokes lines and the lines of pure imaginary 
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U as shown in figure 1. Further we choose U > 0 on S,, hence U < 0 on S,, 
U > 0on Ss, for the first revolution; and U’ < 0 on S} after one complete revolu- 
tion from 8,. If the asymptotic solution (4.3) is represented in Region I by 


h r . 1 pw . 
a= (W—c)t [A, x(k, r) +B, x_(k,1)], 


it can be represented in any Stokes region by a linear combination of the two 
terms. Thus 
Ary = aA,+bB,, Bry = cA,+dB,, 


where a, b, c, d are constants. However, the continuity of our representation 
requires that the coefficient of the small term only be modified on the corre- 
sponding Stokes lines. Therefore, according to our convention we have 


2 aie Fed )» y, 7 
Ayy = Ay + By = Ay +[B, + 2A], 
2 Il 
and at the initial Stokes line after a full revolution counterclockwise 
, i 2 i 
Ay = Ay = Ay +[B, +2Aj], 
Yy ip ap Z es x pay Z i Se ’ 
By = By, + Arm = By + A+ yA, +B, + 2Ay}. 
On the other hand, after one revolution A has become the coefficient of the small 
term, B that of the large term, and the argument of the expression (W —c)? has 
gained an angle 57/2. For the solutions on A; and 4; to be the same requires that 
a 
Ay = iB), 
B, = iA. 
All the above relations will be compatible only if 
A=h=y=s. (A 1) 


The present arguments show that for the representation to be continuous, one 
of the constants A or B must be modified every time a Stokes line is crossed. This 
property is known as the Stokes phenomenon. We now have a series of connexion 
formulae which permit us to evaluate this discontinuity in A and B on the Stokes 
lines. Which connexion formula will be used depends on the Stokes regions within 
which the end points r = 0 and r = 1 fall, and thus on the eigenvalue yet to be 
found. Once an arbitrary decision is made, it can be checked a posterior’; i.e. it is 
a correct choice only if it yields eigenvalues consistent with the assumptions. 
There are obviously nine cases to be considered, but it is now a simple matter to 
determine which is acceptable. One is guided partly by the expectation that the 
phase velocity of the disturbance (c,) is positive and less than the maximum 
velocity of the main flow: 0 < ¢, < 1. This suggests thatr = 0 is eitherin Region 
II or III. A systematic investigation by the authors indicated that eigenvalues 
existed only if they were such that r = 0 belonged to Region III and r = 1 to 
Region I. For this case our connexion formulae yield 


A, — iBy+ Ant: Bb, = —tAjyy. (A 2) 
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If A,,;,; and B,,;; are known, A; and 4, are given by (A2) and hold from the 
neighbourhood of the singularity to the wall. According to equations (4.9) and 
(4.3), reversing the order of integration, and changing the lower limit of integra- 
tion, we find that 

A, =C,[exp (37%) y_(k, 0) —texp (— }mt) x, (&, 9)], 

B, =C,[—iexp (377) y_(k, 9)], | (A3) 
where C, is a constant. 
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Small-scale variation of convected quantities like 
temperature in turbulent fluid 


Part 1. General discussion and the case of smali conductivity 


By G. K. BATCHELOR 
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When some external agency imposes on a fluid large-scale variations of some 
dynamically passive, conserved, scalar quantity @ like temperature or concentra- 
tion of solute, turbulent motion of the fluid generates small-scale variations of @. 
This paper describes a theoretical investigation of the form of the spectrum of 
# at large wave-numbers, taking into account the two effects of convection with 
the fluid and molecular diffusion with diffusivity «. Hypotheses of the kind made 
by Kolmogoroff for the small-scale variations of velocity in a turbulent motion 
at high Reynolds number are assumed to apply also to small-scale variations of 0. 

Previous contributions to the problem are reviewed. These have established 
that the spectrum of @ varies as n-3 (n being wave-number) at the low wave- 
number end of the equilibrium range, but there has been some confusion about 
the wave-number marking the upper end of the range of validity of this relation. 
The existence of a conduction ‘cut-off’ near n = (e/x*)t as put forward by 
Obukhoff and Corrsin is shown to hold only when v < x, and that near n = (¢/vx?)# 
put forward by Batchelor is shown to apply only when v > xk. In the case v < k, 
the remaining problem is to determine the form of the spectrum of # beyond the 
conduction cut-off; this is done in Part 2. In the case v > «, the conduction cut-off 
occurs at wave-numbers much higher than (e/v*)t, which is where the energy 
spectrum is cut off by viscosity, and where the spectrum of @ ceases to vary as n~3. 

The form of the spectrum of @ in this latter case is determined over the range 
n > (e/v3)4 by analysing the effect of the velocity field, regarded as effectively a 
persistent uniform straining motion for these small-scale variations of 4, and of 
molecular diffusion on a single Fourier component of 4. The wave-number of this 
sinusoidal variation of 4 is changed (and generally increased in magnitude) by the 
straining motion and the amplitude is diminished by diffusion. By supposing that 
the level of the spectrum of @ is kept steady at wave-numbers near (e/v*)! by some 
mechanism of transfer from lower wave-numbers, the linearity of the equation 
for # then allows the determination of the spectrum for n > (¢€ v3)t the result 
being given by (4.8). The same resu + is obtained, using essentially the same 
approximation about the velocity field, from a different kind of analysis in terms 
of velocity and @ correlations. Finally, the relation between this work and 
Townsend’s model of the small-scale variations of vorticity in a turbulent fluid is 


discussed. 
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1. Introduction 


When the temperature of a fluid in turbulent motion is not uniform (although 
with such small variations that buoyancy forces are negligible), the temperature 
field is made random by the irregular movements of the fluid and acquires 
statistical properties which are directly related to those of the turbulent motion. 
Quite apart from its intrinsic interest as an aspect of a general study of turbulence, 
the distribution of temperature, and of other similarly conserved scalar physical 
quantities, in a turbulent fluid has a direct bearing on a number of problems in 
geophysics, mostly concerned with the scattering of either sound or electro- 
magnetic waves. In these scattering problems it often happens, for extraneous 
reasons concerned with the choice of wavelength of the waves concerned, that 
the small-scale structure of the distribution of temperature (or whatever quantity 
is responsible for the variations in refractive index) is of particular interest. This 
is a fortunate circumstance, because these small-scale components may be ex- 
pected, on the basis of arguments parallel to those used in Kolmogoroff’s theory, 
to have a measure of universality and to have statistical properties which depend 
only weakly on the large-scale features of the distribution. It is probable that 
considerations of the fine structure of the distribution of quantities like tempera- 
ture also have a bearing on industrial problems concerned with the mixing of one 
fluid in another of approximately the same density by means of turbulent motion. 
This paper will give a theoretical discussion of the small-scale components of 
quantities like temperature, ‘small’ being taken here to mean that the com- 
ponents concerned have characteristic length-scales small compared with the 
length-scale of the eddies containing the bulk of the kinetic energy of the turbulent 
motion, without regard for any of the possible applications of the results. 

The dominant feature of the action of the turbulent motion on the temperature 
distribution is a continual reduction of the length-scale of temperature variations. 
The random convection of material elements of the fluid is inevitably accom- 
panied by distortion of these elements, and, in the absence of molecular conduc- 
tion, a (statistical) increase in the gradients of temperature. This process was 
described clearly by Obukhoff (1949), and has been analysed in terms of the way 
in which surfaces of constant temperature are increased in area and brought closer 
together (Batchelor 1952). Unless temperature variations on some definite 
length-scale are supplied continually by some external agency, the statistical 
properties of the temperature distribution cannot be exactly steady: however, 
the properties of the smail-scale components of the temperature distribution will 
be approximately steady in general, because the process of convective distortion 
and increase of temperature gradients takes place much more quickly than the 
over-all decay of the temperature field. The continual increase in the magnitude 
of temperature gradients due to random convection will ultimately be checked by 
the smoothing action of thermal conduction, and no further refinement of the 
temperature distribution can occur; in this way, a length-scale characterizing the 


smallest temperature ‘eddies’ is determined. 
There are only two properties of the quantity temperature which are relevant 
to these mechanical processes. One is the property of invariance of the tempera- 
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ture of a material element of fluid in the absence of molecular conduction; the 
other is that the temperature is subject to molecular conduction characterized by 
a diffusivity « (of dimensions velocity by length). In these respects, temperature 
is no different from many other physical quantities, such as water-vapour content 
of air, salt concentration of water, and electron density in the ionosphere, 
although the numerical values of « will be different in each case. To the extent 
that they do not depend on special values of «, all the remarks and results of this 
paper will apply to all such dynamically passive conserved scalar quantities, the 
terminology associated with the typical case of temperature being employed 
sometimes for conciseness. 

The problem to be studied is thus as follows. A quantity O(a, t) has a distribu- 
tion in the fluid which is governed by the equation 


A 


cA 
= tu.V = KV°0, (1.1) 
¢ 


where u is the velocity of the fluid and is independent of 7. The fluid, taken as 
incompressible, is in turbulent motion at high Reynolds number, and the length- 
scale characterizing the energy-containing eddies is L. We wish to determine the 
statistical properties of those components of the spatial distribution of @ that 
have a length-scale small compared with J, and in particular to determine the 
wave-number spectrum of the distribution of 4. This is a familiar kind of objective 
in the theory of turbulence, although not one which is often achieved con- 
vineingly. It will be shown that a reasonably complete description of the 
spectrum of # can be obtained, partly by the use of simple new ideas and partly 
by the use of old ideas in a new context, this success being made possible by the 
linearity in 4 of all terms in (1.1). No measurements appear to be available for 


comparison with the theoretical results. 


2. Previous work on the problem 

The few published contributions that bear directly on the problem need to be 
described before the new work is presented. The first relevant papers seem to be 
those in which Obukhoff (1949; see also Yaglom 1949) and Corrsin (1951) pointed 
out the primary features of the effect of random convection on the spatial distri- 
bution of 7. These authors realized that the general increase of gradients of # 
accompanying the irregular stirring action of the turbulence. which is a conse- 
quence of the quadratic term in (1.1), can also be thought of as a transfer between 
different Fourier components of the distribution of 4. If both u and @ are written 
in the form of Fourier integrals, the term u.V@ leads to the generation of new 
harmonic components of 4, and in particular to the growth of components of 
ever-increasing wave-number. This effective transfer from Fourier components 
of the 4-distribution at low wave-number to those at high wave-number is 
mathematically similar to that which acts on the turbulent velocity distribution, 
and Obukhoff and Corrsin made the plausible assumption (which will also be 
adopted here) that the hypotheses of Kolmogoroff’s universal equilibrium theory 
apply equally well to the 4-distribution as to the u-distribution. The arguments 
in favour of this extension of Kolmogoroff’s hypotheses to apply to a temperature 


8.5 


» 





116 G. K. Batchelor 


distribution need not be given, since they are identical in form with, and neither 
stronger nor weaker in rigour than, those well-known arguments concerning the 
velocity distribution. 

On the basis of these hypotheses, and with the assumptions that the Reynolds 
number of the turbulence is sufficiently high and that there are no external 
sources of variations of # on a small length-scale, the statistical properties of the 
small-scale components of the @-distribution are homogeneous, isotropic and 
steady, irrespective of the properties of the components with length-scale of the 
order of L. Moreover, owing to the dependence of the distribution of 6 on that of 
u, the components of the /-distribution having these properties will be defined by 
the same condition as the components of the u-distribution having the same 
properties, namely, that their linear size is small compared with L; the two 
distributions have a common ‘equilibrium range’ of wave-numbers. It is thus 
possible to define a spectrum function for the (small-scale components of the) 
spatial distribution of 7 as 


a 


l 
A(n) = a S(r)e-®-* dr, (2.1) 


where n is the vector wave-number and S(r) = 00’ = 0(x)6(x +r) is the covari- 
ance of 7 as a function of position (9 being taken as zero for convenience). In view 
of the isotropy, A and S are functions of the magnitudes n and r alone, and the 
spectrum function giving the distribution with respect to wave-number magni- 


tude is 


x 


») 
2n ; 
| S(r)rsin nrdr; (2.2) 


'(n) = 47n?A(n) = 
J0 


it follows from the transform of (2.1) that 
hg? 
(2 = | ['(n) dn. 
J0 

The statistical properties of the small-scale components of the @-distribution 
are also independent of the detailed form of the properties of the large-scale 
components, according to the usual hypotheses,* and are affected by these large- 
scale components only inasmuch as the latter determine the magnitude of the 
rate of transfer from large-scale to small-scale components. In order to see 
exactly what is being transferred between different parts of the /-spectrum, it is 
necessary to note only that the quadratic term in (1.1) makes no contribution to 
c#?/ct. Thus, when one Fourier component of the #-distribution is changed by 
interaction between the @ and u fields, other Fourier components are changed 
simultaneously in such a way that the sum of the (necessarily independent) con- 
tributions to 7? from all Fourier components remains the same. This shows that 
what is transferred across the 4-spectrum, and conserved while being transferred, 
when the turbulent motion distorts the temperature distribution, is a contribu- 
tion to @ from Fourier components; for lack of a suitable word. let us call it 
6?-stuff. 

Following the usual line of argument of the Kolmogoroff theory, we now 
suppose that the diffusivity « is so small as to make the effect of conduction 


* Which, however, are now challenged by Kraichnan (1958, 1959). 
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negligible for some of the Fourier components (namely, those at the small wave- 
number end of the range) comprising the group whose statistical properties are 
steady and isotropic. The part of the equilibrium range of wave-numbers for 
which the Fourier components of the u-distribution are independent of viscosity 
is usually termed the ‘inertial subrange’, and an appropriate term for the part of 
the equilibrium range for which the Fourier components of the 4-distribution are 
independent of molecular diffusion is the ‘convection subrange’. No actual 
destruction of 6?-stuff takes place at wave-numbers in, or sma..er than those in, 
the convection subrange; all the destruction takes place at higher wave-numbers 
as a result of the action of molecular diffusion, the total rate of destruction of the 


6?-stuff in unit volume of fluid being 
2KOV70 = — 2k(VO)? = —xX, say. (2.3) 


We assume that, as in the case of the dissipation of kinetic energy by viscosity, the 
value of x is determined by statistical interaction of the Fourier components of u 
and @ each with wave-numbers of order L~!, and is a ‘given’ quantity so far as 
considerations of the small-scale components alone are concerned. 

Thus the mean rate at which 4?-stuff is transferred from wave-1umbers smaller 
than, to wave-numbers larger than, any wave-number in the convection sub- 
range, per unit volume of the fluid, is y, and this is one of the parameters on 
which the form of the #-spectrum in the convection subrange depends. The only 
other parameters on which the /-spectrum in the convection subrange can depend 
are those which determine the Fourier components of the velocity distribution in 
the equilibrium range of wave-numbers, that is, the total rate of viscous dissipa- 
tion of kinetic energy per unit mass of fluid, ¢, and the kinematic viscosity r. 
Provided the Reynolds number of the turbulence is so large that viscous effects, 
as well as conduction effects, are unimportant at at least some of the wave- 


numbers in the convection subrange, dimensional requirements lead to 
, 1 5 
[(n) oc ye~sn-3 (2.4) 


for n > L— and n less than some upper limit yet to be determined. Thus the 
#-spectrum here has the same dependence on n as the u-spectrum in the 


inertial subrange, namely, m . - 
E(n) x ein-3, (2.5) 


as was demonstrated by Obukhoff (1949) and independently by Corrsin (1951). 
A relation different from (2.4) has been put forward by Inoue (1950, 1951, 
1952). Inoue appears to have thought of the various components, of different 
linear dimensions, into which the temperature distribution is resolved as being 
physical entities, and of the conserved quantity which is transferred between 
different components as a result of the stirring motion of the fluid as being heat- 
or, equivalently, since the fluid is of uniform heat capacity per unit volume. 
temperature. A dimensional argument like that leading to (2.4), but using a 
quantity specifying a rate of heat transfer in place of x, then gives ['(n) as 
proportional to n~s. This argument of Inoue’s does not seem to be sound; the 
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‘components’ of a random spatial field are not entities relating to different 
portions of the fluid but are (or, at any rate, should be, if the concept is to be self- 
consistent) different members of an appropriate set of orthogonal functions. In 
his discussion of a temperature field Obukhoff (1949) pointed out that, for small 
fluctuations about the mean, /” is a measure of the deficiency of entropy of the 
fluid relative to a state in which the temperature is uniform with the same mean 
value, and that this supplies a physical interpretation of the 6?-stuff that is 
transferred across the spectrum. However, all that is strictly relevant to the 
above argument is that the value of @ for a material particle is unchanged by 
convection and that the different Fourier components of the distribution of 4 
make independent contributions to @?. 

The papers by Obukhoff, Corrsin and Inoue, already referred to, appear to be 
the only published works on the form of the #-spectrum in the equilibrium range 
of wave-numbers, apart from a rather unplausible suggestion by Villars & 
Weisskopf (1955) that [(@—6’)?]} is proportional to r and to the gradient of 8 
when conduction is unimportant. (The simple mixing process on which this 
suggestion is based is sound enough in itself, but I think the authors have over- 
looked the fact that the part of the fluctuating gradient of 0 due to components 
with length-scale larger than ry is much larger than the mean gradient of 4, and 
that the magnitude of this fluctuating gradient determines (#—6’)?.) Obukhoff 
and Inoue gave expressions for the #-spectrum only in the convection subrange. 
Corrsin obtained (2.4), like Obukhoff, and noted further that if one supposes the 
transfer across both the /-spectrum and the u-spectrum to be representable 
mathematically as an eddy diffusion process in the manner suggested by von 
Weizsiicker and Heisenberg, with the smaller-scale components of u acting as the 
transfer agent for the larger-scale components of both # and u, then both the 
#-spectrum function ['(n) andthe u-spectrum function £(n) are proportional to n~* 
at large wave-numbers beyond both the viscous and conduction cut-off wave- 
numbers. Since Corrsin’s paper was published, the von Weizsicker—Heisenberg 
hypothesis has come to be regarded, on both deductive and empirical grounds, 
as of doubtful value for predictions about the u-spectrum over the part of 
the equilibrium range for which viscous effects are important, and consequently 
the above prediction about the /-spectrum is not now convincing. 

The position is thus that the form of the 6-spectrum in that part of the equi- 
librium range in which neither viscous forces nor conduction effects are im- 
portant is reasonably well established (assuming, as is done here, that the 
Kolmogoroff theory in general is reasonably well established), but that the form 
at larger wave-numbers is not known. 


The range of validity of (2.4) 
Obukhoff (1949) and Corrsin (1951) have also said something about the 
magnitude of the wave-number marking the upper end of the range of validity of 
the relation (2.4) for the 6-spectrum. Obukhoff remarked that the relation (2.4), 
for the stated range of wave-numbers, is equivalent to a relation 


(6—0')? oc ye-tr, (2.6) 
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valid for r < L and for r bounded below in some way as yet unknown, and that 
when r is sufficiently close to zero there is available the exact relation (see (2.3)) 


Equations (2.7) and (2.6) are asymptotic relations valid for ‘small’ and ‘large’ 
values of r respectively (the ‘large’ values being subject to the restriction r < L). 
Obukhoff argued that the two ranges of r concerned will be contiguous, in which 
vase the dividing value of 7 will be given approximately by the solution of 


ix 2 48 


Gr == VE 
OK x 


(the constant of proportionality in (2.6) being assumed as usual to be of order 
‘ r “4 ‘ a ace id 7 P L 

unity). Thus Obukhoff’s conclusion is that (2.6) is valid for (K3/e)* <r < L, or, 

equivalently, that the relation (2.4) for the 6-spectrum is valid for 


L- <n < (e/x)4. (2.8) 


Corrsin’s argument is apparently different in form, but leads to the same 
conclusion. He supposed that the relation (2.4) ceases to be valid when n is so 
large that the effect of molecular diffusion becomes important, and that this will 
happen when the Péclet number appropriate to the Fourier components of the 
9-distribution with wave-number n becomes of order unity. The Péclet number 
in general is a measure of the ratio of convection to conduction effects, and Corrsin 
assumes this measure to be given by £3/(n2«), with the u-spectrum function E(n) 
having the inertial subrange form (2.5). The conclusion is that conduction effects 
render (2.4) invalid when n is of order (e/x*)+, in agreement with Obukhoff. 

The inertial subrange, within which the relation (2.5) for the u-spectrum holds, 
is known to be specified by L-! < n < (€ v3)t. Obukhoff and Corrsin thus hold 
that the variations of the @ and u-spectra as n~$ are cut off, in the sense that at 
higher wave-numbers the two spectra begin to fall off more rapidly as a result of 
molecular diffusion being important, at wave-numbers whose ratio is given, to 
order of magnitude, by (v/x)!. The two arguments from which this result was 
found seem acceptable when pv and « are of the same order of magnitude, or when 
v <x, but I do not think they can be expected to hold when v > x. When v > k, 
the effect of viscosity on the u-spectrum becomes important at wave-numbers 
lower than those at which conduction first affects the 6-spectrum, and so the 
@-spectrum is dominated by convection processes at wave-numbers up to and 
beyond the largest wave-number for which (2.5) is valid. There is a limitation in 
Obukhoff’s argument inasmuch as he assumes that (2.4) is valid for all wave- 
numbers less than that at which conduction becomes important (expressed as 
contiguity of the ranges for which (2.6) and (2.7) are valid); this is not likely to be 
a valid assumption when v > x, because the neglect of v in the dimensional 
argument on which (2.4) was based is not then permissible for the higher wave- 
numbers in this range. Corrsin’s argument is limited in effectively the same way, 
in that he employs (2.5) to evaluate the Péclet number appropriate to Fourier 





120 G. K. Batchelor 


components for wave-numbers which, when v > x, are so large as to be beyond 
the range for which the inertial subrange relation (2.5) is valid. 

In another paper which is relevant in this connexion (Batchelor 1952), the 
effect of molecular diffusion on the distribution of 6 was regarded as a kind of 
perturbation of the effect of convection. When x is zero, the surfaces of constant 
# move as material surfaces and convective extension of these surfaces, with 
consequent decrease of their distance apart, leads to an increase in (V@)? at an 
(asymptotic) rate of order (w?)! (V4)? (where (w?)! is the root-mean-square 
vorticity and is a measure of the mean rate of extension of material lines). [If now 
a small molecular diffusivity is introduced, and if the effect of convection is not 
changed in form by the existence of the conduction, the value of (V/)? can be 
stationary only if the two terms in the expression for the rate of change of (VA)? 


(obtained in the usual way from (1.1)), namely, 
(w2)? (VO)? and x«(V0).V(V29), 


are of the same order. On assuming that the values of these two weighted inte- 
grals of the 4-spectrum are determined by the wave-number at which the 
spectrum begins to fall off very rapidly as a result of conduction effects, we find 
that this wave-number must be of order (w2)!/«?, that is, of order (€/vK?)!. 

There is an apparent disagreement between this result and that obtained by 
Obukhoff and Corrsin, and at the time when my own paper was written I thought 
the conflict was real. However, I see now*—and the work to be described in the 
following sections will amplify the explanation—that each result is correct in its 
own context. Obukhoff and Corrsin found that conduction effects cut off the 
#-spectrum at a wave-number of order (¢/«*)t; in finding this expression for the 
cut-off wave-number they assumed that one or other of the relations (2.4) and 
(2.5) is valid up to this cut-off wave-number, and, as shown above, this is likely 
to be permissible only when v < « or when v/k is of order unity. My work, on the 
other hand, assumes that the mechanics of the convection process is not changed 
by the existence of conductior. and, in particular, that the distance between 
surfaces of constant # is decreased by convection at a rate which is of the same 
order as that for material surfaces; this will be valid, when applied to a considera- 
tion of particular Fourier components of the @-distribution, only when the wave- 
numbers concerned lie beyond the range in which the stretching effect of the 
velocity field lies, that is, only when the conduction cut-off of the 6-spectrum 
lies well beyond the viscous cut-off of the u-spectrum, that is, finally, only when 
xk <v. The two different expressions for the wave-number at which the conduc- 
tion cut-off occurs reduce to the same form when rk is of order unity. 

The position, as now seen after this discussion of previous work, is briefly as 
follows. With the usual proviso that the Reynolds number of the turbulence is 
large, it may be expected that the @-spectrum has a form depending only on 
€, x, v and « in the equilibrium range specified by the condition n > L~!. Pro- 
vided « and v are both so small that some of the Fourier components of # and u in 
this range are unaffected by conduction and viscous forces respectively, the 


* 
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#-spectrum has the form (2.4) form > L~! and n small compared with some wave- 
number which depends on the ratio v/k. When v < x, the convection subrange 
is not as extensive as the inertial subrange and is specified by L~! <n < (e/«?)}. 
When v/« is of order unity, the convection and inertial subranges may be expected 
to be of comparable extent and to be specified by L-! < n < (e/v*)t. In both these 
cases the 4-spectrum falls off more rapidly than as n~? at the end of the convection 
subrange as a consequence of conduction becoming important. When pv > x, 
convection effects dominate the 6-spectrum at wave-numbers beyond the inertial 
subrange and conduction does not become important until wave-numbers of 
order (¢/vx?)! are reached; thus in this case there are two distinct parts to the 
convection subrange. In the part at the lower wave-number end, in convection 
subrange A say, specified by L~! < n < (e/v3)!, the relations (2.5) and (2.4) hold; 
at the higher wave-number end, in convection subrange B specified by 


(€ )i en <(€ pK?) 4, 


neither (2.5) nor (2.4) holds because viscosity has an effect on the u-spectrum. 

Part of the purpose of this paper is to review past work, to clear up some real 
and apparent conflicts and to assess the conditions under which the available 
results may be expected to be valid; this has now been done. The other intention 
is to complete the picture just described by obtaining expressions for the 
#-spectrum in ranges where none is available. 


3. The cases v < x and »/x is of order unity 

When v <k, the 4-spectrum has the form (2.4) over the entire convection 
subrange, and begins to fall off more rapidly at wave-numbers near (e/x)t as 
a result of the effect of conduction. The remaining problem here is to determine 
the shape of the 9-spectrum in the neighbourhood of, and beyond, the conduction 
cut-off wave-number (e/«*), and in particular to ascertain whether the cut-off is 
sharp. For many purposes it will be sufficient to know merely that the 4-spectrum 
begins to fall off more rapidly than as ’ when n is of order (e/x*)4, but for other 
purposes (for example, the calculation of high-order integral moments of the 
#-spectrum) more precise information about the spectrum will be useful. In 
Part 2 of this paper a specific mechanism for the effect of the velocity distribution 
on the Fourier components of 4 is proposed, and from it the unknown form of the 
#-spectrum at wave-numbers beyond the conduction cut-off is determined; no 
further reference to the case v < x will be made here. 

When « is not very different from v, the convection and inertial subranges both 
terminate at wave-numbers near (¢/v?)!, and it is known that the u-spectrum 
subsequently falls off sharply owing to the effect of viscosity. The exact forms of 
the two spectra in the neighbourhood of this cut-off wave-number are not known, 
and may be different. It is possible that some exact relation between the two 
spectra exists for the special case vy = x: however, it does not matter much if the 
precise form of T(x) near n = (e/v3)} is not known, since the coincidence of 
conduction and viscosity effects in this neighbourhood makes it virtually certain 
that the cut-off of the 0-spectrum is sharp (and, in all probability, sharp enough 
to make integral moments of I'(n) of all orders converge). 
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4. The case v > x: Lagrangian analysis in terms of Fourier components 

When vy >x«, the convection subrange is more extensive than the inertial 
subrange, and, as explained in §2, consists of two distinct parts. In the part 
defined by L-! <n < (e/v3)t, the result (2.4) holds. In the part defined by 
(e/v3)t <n < (e/vK?)!, which is a range of wave-numbers lying beyond the viscous 
cut-off of the u-spectrum, the shape of the 6-spectrum is affected indirectly by 
viscosity, in a manner to be established here. It turns out to be possible to do more 
than this and to find the form of I(n) for all n > (e/v3)t, that is, for a range 
embracing the convection subrange 6 and higher wave-numbers at which 
conduction effects are important. 

The essential fact underlying the analysis that follows is that the spatial rate 
of change of the fluid velocity is approximately uniform over regions with linear 
dimensions not much smaller than (v3/e)?. In the inertial subrange the spectrum 
of Cu,/ex, rises slowly (as n‘), reaching a maximum near the wave-number (e/p)!, 
and falls off sharply at higher wave-numbers, so that wave-numbers less than 
(e/v3)t make a dominant contribution to the area under this spectrum curve. 
As more direct evidence, it can readily be calculated from the equation for the 
balance of mean-square vorticity, using the hypotheses of Kolmogoroff’s theory 
and with an empirical value of about — 0-3 for the skewness factor of ¢u,/¢x,, that 


, 
v 


cu. Cu,\? Ou,\? _ es ee 
(ax ~ zz.) / *a,) sais? e)S a) 


(the repeated indices on the left being summed) for small values of 7; this shows 
that r does not need to be much less than (v3/e)4 for the velocity gradient to be 
approximately uniform over a region of linear dimensions r. If now we imagine 
a material element of fluid of linear dimensions somewhat less than (v3/e)# to be 
chosen and followed in its motion, the internal distortion of this element, and of 
any distribution of # contained in it, will be at any instant approximately a pure 
straining motion. 

Theoretical work does not yet seem to have thrown any light on the degree of 
persistence of this straining motion. but Townsend (1951) has made some 
valuable inferences from observations of the rate at which the temperature of 
small hot fluid elements decreases owing to the combined effect of convective 
distortion and conduction. He finds that the local straining motion is remarkably 
persistent, and that the time-scale of change of the principal rates of strain and of 
change of the directions, relative to the fluid, of the principal axes of the straining 
motion, is large compared with (v/e)? (largeness here presumably implying 
variation as some positive fractional power of the Reynolds number of the 
turbulence), this latter quantity being the only one with the dimensions of time 
which can be formed from the parameters determining the equilibrium range of 


the u-spectrum. That the principal axes of the rate of strain rotate only slowly 
relative to the fluid is also suggested by pictures of the position of portions of 
marked fluid at different instants, like those for two-dimensional motion published 
by Welander (1955); on the whole, the marked fluid is drawn out into long thin 








th 
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streaks, of ever-increasing length, which do not show the small-scale wriggles and 
rapid variations in curvature that would result from local rotation of the principal 
axes of rate of strain relative to the fluid and from consequent local rotation of a 
small part of the streak relative to the remainder. (It is possible that this per- 
sistence of the stretching of a material line is no more than a reflexion of the fact 
that material lines tend to set themselves in the direction of the greatest local 
principal rate of strain (Batchelor 1952), and that if the principal axis of greatest 
rate of strain should rotate relative to the fluid, the material line with which it 
coincided initially would automatically turn and tend to align itself with the new 
direction of the principal axis of greatest rate of strain.) The conclusion, to be 
adopted here, is that the effect of convection on the spatial distribution of # within 
a material element of suitably small size is approximately the same as that of a 
pure straining motion of constant magnitude and form relative to the fluid, so far 
as temporal changes of the distribution of # on a time scale of order (v/e)} are 
concerned. 

This picture of the convective distortion of small elements of the fluid has 
been used by Townsend (195la) in a theory of the form of the u-spectrum 
at very large wave-numbers, and by Batchelor (1952; see also the review by 
Batchelor & Townsend 1956) in a discussion of the way in which material line 
elements in the fluid are extended and material surface elements are increased 
in area. The use to which it will be put in this and the following section has 
links with both of these earlier investigations, although there are also some 
new features. 

The basic idea of the investigation is to make use of the linearity of the equation 
(1.1) for @ and to examine the effect of both convection and conduction on each 
Fourier component of the @-distribution, the Fourier analysis being carried out 
with respect to axes which move with the fluid locally in translation and rotation 
and which in effect are distorted with the fluid locally. We consider any material 
element of fluid with linear dimensions somewhat less than (v3/e)! and resolve the 
instantaneous distribution of 4 within this element into its Fourier components. 
This material element moves in translation and rotation and is subjected to a 
pure straining distortion, and at the end of a finite time it will have a different 
position and orientation and will have experienced a finite pure strain. Only the 
straining of the element affects the distribution of # within the element, and this 
straining will be regarded as representative of the effect of fluid convection on the 
Fourier components of with wave-numbers large compared with (e/y)t. Of 
course, the way in which the distribution of 4 is continued beyond the material 
element and joins up with other material elements which are being translated, 
rotated and strained also has an influence on Fourier components of 7, but this 
influence may be expected to be important only for components with wave- 
numbers of order (¢/v*)! or less (since (Vv? e)t is the characteristic length-scale for 
spatial variations of the rotational and straining motions). 

Consider first the changes in an initially sinusoidal variation of 6 throughout 
the material element. We choose Cartesian axes which translate with the element 
and which are always principal axes of the rate of strain of the element. According 
to the approximation explained above, these axes are fixed in the fluid, and the 
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principal rates of strain a, /, y are constant, for time intervals at least as large as 
lon : ; ‘ ey ; 
(v/e)?. Then, the distribution of # is governed by the equation 


oA Ay) cé Ala) aS 
Oe =P py way) Lois KNW6, (4.2) 
ct Cx “Cy C2 
and the initial condition is @ = A gsin (1.x) at t = 0. This equation is satisfied by 
4(x, t) = A(t) sin[m(t).x], (4.3) 
dA . 
with = —Km?A, 
dt 
, dm, dms : dms 
= —aAa4mM,, -=—P$M., = = —YmMsz, 
dt a i me ile 


where m,, mg,m, are components of m. Thus the solution is 


K » 9 K 9 > 2 
, (ans — U3) 4 : (m2 — 13) sin(m.x), (4.4) 
“oy 


f - { K » [? 
I(x, t) = A,exp a5 i Was 2) 2 
in which 


m=hLe*, mnier, m=-Le*. (4.5) 


The planes of constant / are turned so that the direction of their normal ap- 
proaches asymptotically the direction of the greatest rate of contraction in the 
fluid, and, if « > # > y (which implies e > 0, y < 0, since 2+ f+y = 0 by the 
continuity equation) we have 
; Km"\. 

m* = m5 +me+me — ize? A> Agexp | ) sin (m.x) (4.6) 
(provided /, + 0) as t-> «. The duration of time for which the principal axes 
of strain remain fixed relative to the fluid and a, /, y remain constant is limited, 
but these asymptotic relations become quite accurate long before ¢ = 10/|y 


ly| is of order (6/1 )3 


| 


(except for certain special choices of /,, 1, and f/y) and since 
the use of the asymptotic relations as being typical of what is happening to 
Fourier components of # is consistent with the approximation described above. 

All Fourier components of the initial distribution of # in the material element 
will be changed in this way, and the distribution of # at a time ¢ subsequent to the 
initial instant can be obtained by superimposing the changed Fourier com- 
ponents. The distribution of 4 tends towards a one-dimensional form with 
variation only in the direction of the principal axis of least rate of strain. 
Gradients of # in the z-direction are made steeper by the convection process (by 
crests of the distribution being squeezed together), but are simultaneously made 
more gradual by conduction effects, and ultimately all the variation of @ is erased 
by conduction. However, it will be noticed that the smaller the value of «, the 
longer is the time required for erasure of the variations of / and the greater are 
the gradients of # which are built up in the meantime. 

This information about the way in which the convective distortion converts a 
Fourier component of certain wave-number into one of larger wave-number, the 
magnitude of the coefticient being diminished meanwhile by conduction, can now 


be used to find an expression for the steady 6-spectrum at wave-numbers large 











as 
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compared with (¢/v3)!. This is made possible by the fact that the convective 
modulation of Fourier components of the @-distribution is entirely one-way as 
soon as the process of alignment of the wave-number vectors is nearly complete; 
#?-stuff is transferred wholly to components of larger wave-number. In the 
neighbourhood of the small wave-number end of the range in which the above 
approximations about the effect of the velocity field on Fourier components of 
# are valid, this end being given by wave-number magnitude ny say, we may sup- 
pose that the level of the 6-spectrum is kept constant by a continual supply of 
(?-stuff from lower wave-numbers (the exact mechanism of this supply being 
irrelevant at the moment). The Fourier components with wave-numbers larger 
than n, are derived from those at smaller wave-number by the straining process, 
and the asymptotic relations (4.6) show that the @?-stuff which is spread over the 
wave-number range dn’, at a wave-number (magnitude) n’ at which the alignment 
of the wave-number vectors is nearly complete, is spread over the range ndn’/n’ 
at a later stage at which the Fourier component with wave-number n’ has been 
distorted to that with wave-number n, and that during the time required for this 
change this amount of ?-stuff is reduced, at those places in the fluid where the 
least principal rate of strain has the value y, by the factor exp [k(n? — n’*)/y] owing 
to the action of conduction. The principal rates of strain will not be uniform 
throughout the fluid, so we are obliged to assume that y is an effective average 
value of the least principal rate of strain. The constant level of the 6-spectrum at 
wave-numbers well above n, is then given by 


n ' ae , 
I(n)—dn' = [(n’)dn’ exp 
n 


(wen), 
Y ! 





that is, [(n) x : exp (~ n®); (4.7)* 
- 

the #-spectrum is also isotropic at these wave-numbers in view of the isotropic 

distribution of the straining motion. 

The dimensional factors in the constant of proportionality in (4.7) can be 
obtained by noticing that when n < (—y/x)?—and such values of n can exist when 
«/v is sufficiently small, notwithstanding the existing restrictions on n—the 
exponential factor is approximately constant and ['(n) a n~!. At these values of 
n the effects of conduction are unimportant and the decrease of [ with n is due 
entirely to the spreading of 4?-stuff over a wider wave-number range by con- 
vective straining. The only parameters relevant to the form of I'(n) are then x 


* For simplicity this relation has been obtained from a consideration of the changes 
occurring in one Fourier component whose wave-number vector becomes aligned with the 
direction of the greatest rate of compression. There are, of course, some wave-number 
vectors which take a long time to become aligned (namely, those for which J, is small in 
(4.5)), and it is desirable to verify that the relation (4.7) is not affected by these untypical 
Fourier components. It is readily established, in fact, that if a continuous isotropic 
#-spectrum with most of the §?-stuff at wave-numbers with magnitudes near n, is maintained 
by transfer from smaller wave-numbers, the steady spectrum produced at much larger 
wave-numbers by combined convective straining and conduction has the form (4.7), except 
in the particular case in which # = y, when the form is different at wave-numbers of 


order (— Y k)t. 
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and y, and the dimensional part of the proportionality constant is thus y/y. 
Furthermore, the numerical part must have the value —1 in order that (4.7) 
should be consistent with the identity 
1 
n*T(n)dn = ee 
0 ak 
Several estimates of the average value of the least principal rate of strain in the 
Huid have been made (Batchelor & Townsend 1956), and they are all in the 
neighbourhood of — 0-5(e/v)t. The final expression for the #-spectrum in the wave- 
number range n > (¢/v3)? is therefore 
x Kn . (6) : 
[(n) = -- exp ( : ). with yz ~ 05 : (4.8) 
yn y 
According to this relation, in the wave-number range designated earlier as 
convection subrange B and specified by (€/v3)! <n < (€/v«?)t, the 6-spectrum is 
given by 
[(n) x —*. (4.9) 
yn 
It is worth noting that this latter relation could have been predicted (apart from 
a numerical constant) on dimensional grounds right at the beginning, provided 
the thesis adopted here, that the primary effect of the convection on variations 
of # on a length-scale small compared with (v?/¢)! is a uniform straining at a rate 
of order (¢/v), be granted. The parameters in the constant of proportionality in 
(4.9) are consistent with the need for the relation (4.9) to join smoothly on to the 
relation (2.4) at lower wave-numbers; for the join occurs at values of n near (€ p3)s, 
when both relations show I to be of order yvie=t. 
The relation (4.9) describes a comparatively slow rate of decrease of 4 as n 


increases, even slower than that holding at smaller wave-numbers in convection 


n 
subrange A. The rate of decrease is so slow that ['(n)dn does not converge, as 
0 


n —> &, for a fluid such that « = 0—which is to be interpreted as meaning that, 
in a fluid with a very small value of «/v, a statistically steady state for the small- 
scale components of the #-distribution can be set up only if there is a sufficiently 
large reservoir of #*-stuff in the large-scale components of @ and if sufficient time 
is available. The amount of #?-stuffin convection subrange B, as given by (4.9), is 


of order 
y 


a! log—, (4.10) 
2y K 


and this may be larger than the amount in the large-scale components of 4 without 
violating in any way the assumptions on which the analysis is based (although 
#/? would then not be a measure of the /?-stuff associated with Fourier com- 
ponents with wave-numbers of order L~'). The time required for a stationary 


state to be set up over convection subrange B can be estimated from the time 


required for a Fourier component of # with wave-number of order (€/v?)* to be 
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. . . . . 9\1 
deformed by the straining process into one with wave-number of order (¢/vx?)! 
and is 

l v 
—-—log 
y OR 


(in agreement with (4.10) in view of the definition of y), and this may be larger 
than the time scale of the large-scale components of # again without inconsistency. 

The relation (4.9) can also be interpreted in terms of the formation of steep 
spatial gradients of 4 in the fluid. If |V4| became infinite (or as near infinite as the 
small conductivity allowed) at a finite number of points in unit volume of the 
fluid as a result of the effect of convection, [(n) would vary as n~*. The diver- 
gence of (V4)? as given by (4.9) is stronger than this, corresponding to the fact that 
convection actually steepens the gradient of , and does so persistently, through- 
out typical material elements of fluid: large values of |V@| thus appear, not at 
isolated points, but over a finite fraction of the whole fluid. 


n)or log E(x) 


log? 


log n 
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FIGURE 1. Spectra of 7 and u in the equilibrium range of 
1 
wave-numbers for the case vp > k. 


The conduction cut-off given by (4.8) is sharp, and occurs, as expected, at 
wave-numbers of order (¢/vx?)?. The available information about T'(n) in the 
equilibrium range in the case v > k is shown schematically in figure 1. Finally, it 
is worth noting that these results about the form of I(x) beyond the viscous 
cut-off wave-number do not require the Reynolds number of the turbulence 
to be so large that an inertial subrange exists. Whatever the Reynolds number 
of the turbulence, the distortion of sufficiently small material elements of 
fluid will be approximately a pure straining motion. Thus the first part of the 
relation (4.8) will still hold, although the estimate of the straining rate y may 
not be accurate at low Reynolds number. 


5. The case v > «x: Eulerian analysis in terms of correlations 

Inasmuch as the analysis presented in the preceding section contains some 
novel features and may not carry immediate conviction, it may be useful to show 
how the same results can be obtained in a quite different way from essentially the 
same assumptions about the effect of the fluid motion on small-scale features of 
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the @-distribution. This time the analysis involves mean values of products of 6 
and u, and is rather more direct, although the character of the action of con- 
vection on the @-distribution is not revealed so explicitly. 
The expression for rate of change of the temperature covariance is readily 
found from (1.1) to be 
cna — — ; 

a be. (u,O0' — u;00") + 2KV200', (5.1) 
where @’ is written for #(x +r, t), and statistical homogeneity of # and u has been 
assumed (as is appropriate for the small-scale features of their spatial distribu- 
tions). When the distance r between the points to which @, u and 6’, u’ refer is 
sufficiently small, we have ‘ 


P CU; oe 
~ a is . 
u; = Ug tts > (5.2) 

iat 


the restriction on r being that it should be somewhat less than (v3/e)t as established 
in the paragraph containing (4.1). Moreover, in accordance with the description 
of the convection process given in the preceding section for this same case v > k, 
there are some values or 7, at the upper end of this range, for which 0’ —@ is not 
linear in r because the #-distribution has a finer structure than the u-distribution. 
We shall therefore employ the approximation (5.2) in (5.1), without introducing 
a similar approximation for 7’ —4. Also, we shall approximate the left-hand side 
of (5.1) by —y, on the understanding (and in view of the results obtained in § 4, 
there is need for care in the wording here) that we are investigating a distribution 
of # which is stationary so far as the small-scale components are concerned and 
that the rate at which #? and #0’ are decreasing is due entirely to a decrease of 
/-stuff in the large-scale components with length-scale L at a rate y (or equi- 
valently that ?-stuff is being supplied to these large-scale components at a rate x 
in a case in which the whole of the @-distribution is statistically stationary). 


Equation (5.1) then becomes 


Cu, C00’ os 7 
— Y - —?r:.= = -4. 2KV200 
4 J ( x; ¢ r; 


= i(r.Vu).V(d—0')2-—«KV2(0-0')2. (5.3) 
where V is everywhere a gradient with respect to r alone, x being held 
constant where necessary. 

The next step in the argument is to approximate to the first term on the right- 
hand side of (5.3), with the help of hypotheses about the persistence of the exten- 
sion of material surfaces as in § 4. The effect of the uniform straining motion which 
exists everywhere in the neighbourhood of a material point in the fluid is to turn 
the local surfaces of constant # so that the directions of their normals approach 
that of the least principal rate of strain. Provided the material surfaces on which 
#/ is constant continue to be extended—that is, provided the angle between the 
normal to the surfaces of constant 4 and the direction of the least principal rate of 
strain continues to be small—for a time long compared with (»/e)? (which is the 
time characteristic of the straining motion and which is therefore a measure of the 
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time required for approximate alignment of the normals to the surfaces of con- 
stant 7). as is believed to be so on the basis of the evidence discussed in the 
preceding section, the direction of V(#—@’)? at each point of the fluid and at all 
times will tend to be aligned in the direction of the local least principal rate of 
strain. Of the two contributions to r.Vu, one from rigid rotation of the fluid 
about the point x and one from the pure straining motion, only the latter is 
related statistically to the distribution of 7. The contribution to r.Vu from the 
pure straining motion has a component in the direction of the least principal rate 
of strain equal to ry cos d, where ¢ is the angle between r and the principal axis of 
least rate of strain. 
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FicurE 2. To illustrate the uniform straining motion near P and 


its effect on the distribution of @. 


Thus, if we assume that the process of orientation of V(/ — 0’)? along a principal 
axis of rate of strain is complete at all times and positions, as illustrated in figure 2, 
and that the fluctuations in y are a negligible fraction of the mean value, we have 

, =< ca —0'P b 
(r.Vu).V(d—0’)? = ry cos d|V(O-—0’)?| = yr —— (5.4) 
| ae 
These two assumptions are over-simplifications, so that, as in §4, y must be 
regarded as an effective average value of the least principal rate of strain. The 
equation (5.3) for the covariance of / now becomes 








c(9d — 0’)? C2 l ¢ — = 
—yau ty, —K(- gt 2 )(a- a), (5.5) 
5 ee cr or= ror 
, ayppe A n(8A —A’)2 vy 
. Xs y? C | gO he. ) 
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“exp|—7-) = = = eo 
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and, from a second, 


0-0 = [pene (a) here) el 8 


eo 
When r? < 4«/|y|, this relation reduces to 


(0-0)? = x at (5.7) 
OK 
as is required by the definition of yx (see (2.3)). At the other extreme, when 
r2 > 4«/|y| (although r must continue to be suitably small), we have 


4 


As in §4, y can be replaced by its estimated value —0-5(e/v)?, in which case the 


asymptotic relation (5.8) becomes 
l 
(0—0')? ~ x{ -) log (5). (5.9) 
€ VK 
valid for (v3/e)t > r > (v«?/e)t. This logarithmic form for (6 — 0’)? lies between the 
parabolic form (5.7) in the immediate neighbourhood of the origin and a variation 
as ri at values of r such that L > r > (v3/e)4. 
It remains to show that the result (5.8) is effectively the same as (4.8). This can 
be done by beginning with the identity (see (2.1)) 


(9-0)? = 


a i 
Bare 2.t)dn 


27) n? 


a 


i sin nr 
=2| Pin) (1- ) dn. 
J0 nr 
On substituting for ['(n) from (4.8), we find 


2.2 
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thus reproducing (5.6). 


6. Comments on a different model of small-scale variations of “ in 
the case vy > k 


In his theory of the form of the energy spectrum at very large wave-numbers, 


Townsend (1951a) made use of the same notion that the action of the whole 
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flow field on small-scale variations of any quantity—vorticity, in his case—is 
primarily to impose a uniform persistent straining motion. The action of a steady 
uniform rate of strain on weak variation of vorticity is to increase the gradient 
of the perturbation vorticity in the direction of the least principal rate of strain 
and to amplify the component of vorticity in the direction of the greatest 
principal rate of strain; this latter effect due to stretching of vortex lines is 
absent in the case of scalar quantities like temperature, but there is otherwise 
a fairly close analogy between the two cases. Townsend made a further assump- 
tion in his work on vorticity, and this has not been employed in the preceding 
discussion of the -spectrum for the case v > «. Since the reasons for not using 
this extra assumption are not self-evident, and since they throw an interesting 
light on the nature of the assumption, a brief comparison of the foregoing results 
with the form they would take with an additional assumption like Townsend’s 
will be given. 

Guided by the observation that small-scale variations of vorticity seem to have 
an uneven spatial distribution, some parts of the fluid being relatively free from 
such variations, Townsend put an intermittent variation into his model by 
assuming that small-scale variations of vorticity exist mainly as isolated steady 
vortex sheets or ‘line vortices’ of small thickness. Each of these sheets or lines 
is steady under the opposing actions of molecular diffusion and stretching of 
vortex lines (the occurrence of two positive principal rates of strain giving rise to 
a vortex sheet, and one positive principal rate of strain to a line vortex, the former 
being the more probable), and the variations of vorticity on length scales small 
compared with (v*/e)! were supposed to occur in the form of a random distribution 
of such sheets or lines. The sheets or lines were assumed to be separated by 
y|)3), so that 
amalgamation of sheets or lines which are swept together by the straining motion 





distances large compared with their thickness (which is of order (v 


happens only infrequently. The steady distribution of vorticity in a sheet or line 
can readily be calculated in terms of the principal rates of strain and so the 
spectrum of vorticity, and thence of velocity, can be determined at large wave- 
numbers. There is an arbitrary multiplicative constant in the resulting vorticity 
spectrum, representing the product of the number of sheets or lines per unit 
volume and their strength; the value of this constant is determined by the way in 
which inertia forces generate vorticity perturbations on a larger length-scale and 
lies outside the scope of the theory. 

In exactly the same way one could assume that variations of # on a small scale 
occur as randomly distributed, isolated, thin layers in which the distribution of 
f is steady under the combined actions of molecular diffusion and uniform 
straining. Just as a uniform straining motion with one negative principal rate of 
strain (y) converts (asymptotically) an arbitrary transition between two regions 
of uniform (and different) perturbation velocity into a steady vortex sheet of 
thickness of order (v/|y|)3, so it converts an arbitrary transition between two 
regions of uniform @ into a layer in which the steady distribution of @ is given by 


CO oo ntl il 
= = Q, = | = A exp | .. (6.1) 


‘ 
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A being a constant measuring the size of the jump in @ across the layer. The 
spectrum of / for an array of such layers throughout the fluid, random with 
respect to both position and orientation, then follows as 


: ] Kn= 
['(n) = A » exp ( ). (6.2) 


where the multiplicative constant equal to the product of A? and the total layer 
area in unit volume of fluid has been determined from the requirement that the 
total rate of destruction of #?-stuff in unit volume of fluid be y. (Note that this 
method of determining the constant is consistent with the model when k < », 
because the length-scale on which destruction of /?-stuff takes place is much 
smaller than the size of regions of the fluid over which the rate of strain is uniform. 
Such a determination of the multiplicative constant is not available in the case 
of the vorticity spectrum.) This result for the /-spectrum should be compared 
with (4.8), which was obtained by considering the changes in all Fourier com- 
ponents of # due to the actions of distortion and molecular diffusion and without 
assuming the existence of isolated layers of rapid change of @. 

It is not difficult to see that (6.2) cannot be correct. The spectrum function 
given by (6.2) is of order yvi/eix! at the wave-number (¢/v3)! marking the transi 
tion from convection subrange A to convection subrange B, and this is different 
by a factor (v/«)} from the order of I (at the same wave-number) as determined by 
the relation (2.4) valid in convection subrange A. Another way of stating this 
difficulty in joining the relation (6.2) to the relation valid at smaller wave- 
numbers is to remark that, according to (6.2), the value of [ at wave-numbers not 
near the conduction cut-off (that is, for n < (—y k)}) increases indefinitely as 


k-> 0. The relation (6.2) has this behaviour because the steady rate of 


destruction of /?-stuff per unit area of a single layer across which there is a jump 
in 7 is proportional to «4 (the gradients of 4 increase, as K —> 0, in such a way as to 
keep the local rate of destruction per unit volume of fluid in a layer constant, but 


the thickness of the layer decreases as «?), and the same average total rate of 


destruction of /?-stuff per unit volume of fluid can be achieved, as x > 0, only by 
an increase in the size of the yump in # across the sheet or in the number of sheets 
in unit volume. A dependence of either of these quantities on « is not possible, 
in fact, because the conditions leading to the formation of sheets are supposed to 
be generated by purely convective effects at wave-numbers smaller than those at 
which conduction is important. 

The essential difference between the two theoretical models seems to be that in 
that leading to (6.2) the time-dependent effects accompanying the continual 
reduction in distance between neighbouring sheets and their ultimate amalga- 
mation are ignored, as would be justified if the sheets were usually so far apart as 
to effect the form of I only at values of n of order (€ v3)t (and this assumption, as 
seen, is open to the objection that the size of the jump in 4 or the density of the 
layers must be supposed to increase as « —> 0 in order to give the right total rate of 
destruction of #?-stuff). whereas in that leading to (4.8) the distribution of @ is 
always unsteady and the typical form of 6-variation is one in which neighbouring 


crests are continually approaching each other and ‘amalgamating’. It might be 
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he thought that since the model leading to (6.2) incorporates explicitly an inter- 
ith mittent small-scale variation of 4, objections to the spectral form (6.2) are 


equivalent to objections to an intermittent type of variation. This is not so, 
however; the model leading to (4.8) is consistent with an intermittent variation of 


2) )  & provided that the region in which V@ fluctuates should not be a vanishingly 
small fraction of the total volume as k — 0, the existence of intermittency of this 

yer kind having no influence on the result (4.8). It is now pertinent to inquire 

the whether Townsend’s assumption that small-scale variations of vorticity occur 

his mainly in the form of isolated sheets or lines of concentrated vorticity was 

v, necessary, but that is another story. 
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Small-scale variation of convected quantities like 
temperature in turbulent fluid 


Part 2. The case of large conductivity 


By G. K. BATCHELOR, I. D. HOWELLS Anp A. A. TOWNSEND 


Cavendish Laboratory, University of Cambridge 
(Received 1 July 1958) 


The analysis reported in Part 1 is extended here to the case in which the con- 
ductivity « is large compared with the viscosity v, the conduction ‘cut-off’ to the 
@-spectrum then being at wave-number (¢/x?)t. It is shown, with a plausible and 
consistent hypothesis, that the convective supply of 6?-stuff to Fourier com- 
ponents of 7 with wave-numbers n in the range (€ RB)t<en< (e/v3)3 is due 
primarily to motion on a length scale of order n~! acting on a uniform gradient of 
? of magnitude [(V)?]. The consequent form of the #-spectrum within this same 


wave-number range is P(n) = 4Cyei«-3n-8’, 


The way in which conduction influences (and restricts) the effect of convection on 
the distribution of # at these wave-numbers beyond the conduction cut-off is 


discussed. 


It was shown in Part 1 (Batchelor 1959) that, when v/xk < 1, there is a con- 
‘ . . f a\l e ° ° 

vection subrange of wave-numbers defined by L~! < n < (e/k*)# within which the 
()-s Lety as > for . 1 > 

spectrum has the form ['(n)oc ye-tn-t (1) 
(the notation being everywhere as in Part 1). The direct effect of molecular 
conduction is unimportant at wave-numbers within this range, but becomes 
~ “ . 1 ° . ° 
important when x is of order (./«*)#. Over the more extensive inertial subrange 

. . - 1 ° 
of wave-numbers defined by L~! < n < (e€/v3)4, the velocity spectrum has the 
form E(n) = Cein-3; (2) 


the direct effect of viscosity becomes important at wave-numbers of order (€/v?)}, 
and causes E(n) then to fall off much more rapidly than according to the power 
law (2). 

The problem here is to find the form of the #-spectrum at wave-numbers 
beyond those for which (1) is valid. Provided we confine attention to the wave- 
number range L-! < n < (e/v3)t—which is not a serious practical limitation, since 
wave-numbers of order (¢/v3)t lie well beyond the conduction ‘cut-off’ of the 
#-spectrum and the corresponding values of ['(n) will presumably be extremely 
small—the parameters relevant to the form of the 4-spectrum are ¢€, vy and k, so 
that the general form of ['(n) is 


~y 1 5 . . ~ 3 ] 
['(n) = xye~*n-3 x function of (K+e-4n), 
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the function being a constant when n < (€ x3)t, In order to find the analytical 
form of this function it will be necessary to consider the specific mechanism by 
which the various Fourier components of the spatial distribution of # are acted on 
by the velocity field. 

The equation governing local variations of @ is 


20 
oy tu. VO = KV*6, (3) 
? 


and, ifA(n) and B(n) are Fourier coefficients of the spatial distributions of u and 6, 
an equivalent equation is 


a OP nA,(n—n’) B(n’)dn’ = —Kn2B(n). (4) 


Thus a steady @-spectrum can be maintained at wave-number n against the 
purely dissipative action of conductivity only by a net gain of 62-stuff resulting 
from the interaction of pairs of Fourier components represented by A(n —n’) and 
5(n’). The essence of a theory of the effect of a turbulent velocity field on the 
@-field lies in a correct estimate of the values of n’ for which the interaction of the 
corresponding pairs of Fourier components makes a dominant contribution to 
the supply of @-stuff. 

Now over the range (¢/x*)! < n < (e/y*)! the @-spectrum probably falls off 
rapidly as a consequence of the direct action of conductivity, whereas the 
u-spectrum falls off at the relatively slow rate given by (2). This difference in the 
behaviour of the amplitudes of A and B can be made the basis for a hypothesis 
about the values of n’ at which the dominant contributions to the integral in (4) 
are made when (¢/x?)t < n < (e/v3)4. For these dominant contributions will pre- 
sumably come from values of n’ at which | B(n’)| does not have the small values 
resulting from the action of conduction, that is, from values of n’ of order (e/«)# 
or less. Further discussion of the hypothesis that these are the important values 
of n’ will be given after the consequences have been examined. Notice that the 
restriction n < (¢/v3)t is significant because only for such values of n does |A(n)| 
vary so (relatively) slowly that the dominant range is determined by the behaviour 
of | B| alone. 

Before determining the spectrum of 4 with the help of this hypothesis, we shall 
show that the time derivatives in (3) and (4) are negligible. Equation (3) can be 
thought of as equivalent to an equation for the temperature in a solid of con- 
ductivity « with the second term on the left-hand side representing a distributed 
source of heat. If this source were steady in time, a Fourier component of @ with 
wave-number n would become steady in a time of order «~!n-? subsequent to the 
imposition of arbitrary initial conditions. The source term is not in fact steady, 
since the velocity field varies with ¢. However, it has been supposed that the 
relevant Fourier components of u in (4) are those with wave-number near n; 
for those components the characteristic time (n being a wave-number magnitude 
within the inertial subrange) is e~4n-3, which is large compared with x—!n-2 when 
n > (e/x*)4. Thus, the source term is approximately steady, and the time derivative 
in (4) can be dropped when (€/x?)4 < n < (e/v3)t. Time derivatives like éI'(n)/at 
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are in any case negligible at large wave-numbers within the equilibrium range, 
but we have now shown that it is possible to go further and neglect terms like 
[eB(n)/ct}. 
It now follows from (4) that 
* ish , * * 
K*n' b(n) B(n) = | | nin A,(n—n ) A; (n—n”") B(n’) b(n") dn‘ dn’, (5) 
where the star denotes a complex conjugate. As explained, the integral in (4) is 


rl 


assumed to be dominated by values of n’ such that |n—n’| > n’; in these circum- 
stances, the statistical connexion between A(n—n’) and B(n’) may be neglected 
(although both quantities have non-negligible connexions with B(n)) and the 
mean value on the right-hand side of (5) splits into two. Then, on making use of 
the orthogonality of Fourier coefficients, we have 

cnt B(n) Bin) = | nin’ A;(n—n’) A, (n—n’) Bin’) B(n’) dn’. (6) 


A further consequence of the relation |n—1n’| > n’ is that 


* * 
A, (n- n’) A;(n- n’) = A,(n) A;(n), 


' *% * CO CO 
so that K°n' B(n) B(n) = A;(m) A;(m) — - 


* 


14, (n) A,(n)(VA)2. (7) 


in view of the isotropy of the (small-scale part of the) /-field. The form of the 

. ° PN, | S Pee ~ e 
#-spectrum for wave-numbers in the range (€/x?)t < n < (€/p%)# Is therefore given 
in terms of the kinetic energy spectrum function E(n) by 


K*n*T(n) = 2 E(n) * (8) 
2k 
that is, by T(n) = AC yeix-3n-*s’. (9) 


This relation is certainly consistent with our assumption that T'(n) falls off 


rapidly at wave-numbers beyond (¢/«*)! and that, so far as may be estimated from 
a consideration of magnitudes of Fourier coefficients, the supply of 6?-stuff to 
Fourier components of 4 with wave-numbers n in the range (€ K3)t <n < (e/v3)s 
will be dominated by direct interaction of components of u with wave-numbers in 
this same range and components of 4 with smaller wave-numbers (of order (¢/«?)4 
or less). Again we note that the same assumption cannot be made about the 
supply of @2-stuff to Fourier components of 7 with wave-numbers of order (¢/v4)# 
or larger, because at these wave-numbers the energy spectrum E(n) is also falling 
off rapidly (in fact, if both E(n) and T'(n) fall off faster than exponentially at 
these high wave-numbers where both viscosity and conduction have important 
effects, as seems quite probable, the values of n’ at which the integrand in (4) is 
greatest will lie in the neighbourhood of some fraction of n, the fraction being } if 


the two functions happen to diminish in the same way). Nor does the argument 











~ 
log 1'\(n) or log E(n) 
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give the form of I'(n) in the region of transition from the power-law (1) to the 
power-law (9) at wave-numbers of order (¢ x3) (where (1) and (9) do agree in 
giving the order of magnitude of I(x) as y«te~?). However, neither of these 
limitations of the argument is of much importance. The available information 


) about I'(n) is shown schematically in figure 1. 


A 








i 1 





) we(s)) —ww(5) 


Figure 1. Spectra of 4 and u in the equilibrium range of wave-numbers for the 


case Vv < Kk. 


It may be useful if we defend the argument against the possible objection that 
the contribution to the integral in (4) from small values of x’ may actually be less 
than that from values of n’ near n. The mean square modulus of the latter con- 
tribution can be shown, by a calculation similar to that given for the former con- 





tribution, to be }u’n?B(n) B(n). It is possible to make wu? arbitrarily large, for 
fixed values of €, y, v and x, simply by increasing the length scale Lin such a way 
as to keep (u2)?/Z constant, and by increasing (in proportion to u®. Thus it would 
appear that, for any fixed n, u? could be made so large that the contribution from 
values of n’ near n would dominate. However, the validity of the result which has 
been obtained is not affected, because in the circumstances in which this contribu- 
tion from values of n’ near n seems to be dominant the term c/ct is no longer 
negligible, and in fact cancels out this part of the integral. The reason for this is 
that the Fourier transforms are taken with respect to fixed axes, and the small- 
scale fluctuations in temperature, and the small eddies which cause them, are 
consequently being translated at a speed of order (u*)4 by the large eddies. The 
integral in (4) therefore has one part which expresses the rates of change of 
Fourier components due to observation from fixed axes, and one part which 
expresses the actual production of fluctuations of temperature at wave-number 
n to balance the conductive decay; thus we can ignore the term ¢cB/ct, and the 
corresponding part of the integral in (4), and the calculation leading to () remains 
valid. 

The above hypothesis about the interaction between the fields of u and # may 
be given another interpretation, which is mechanically more direct and conse- 
quently more illuminating. It will be noticed from (7) that the interaction has 
been calculated as if equation (3) were replaced by 

u.VT = KV, (10) 








138 G. K. Batchelor, I. D. Howells and A. A. Townsend 


where V7’ is independent of position x and fluctuates isotropically from one 
realization to another with a mean-square value 


(V7)? = (VO)? = yx/2k. (11) 


In other words, we have assumed in effect that the supply of 62-stuff to 0-varia- 
tions on any length scale between (x*/e)t and (v3/e)4 comes primarily from the 
convection due to motion on the same length scale in the presence of a uniform 
gradient of 7, this gradient being equal in magnitude to the root-mean-square 
value of V4. The requirement that the length scale be small compared with («/e)é 
is needed because the gradient on which the convection acts would not otherwise 
be uniform with magnitude [(V@)?]!, and the requirement that it be large com- 
pared with (v3/e)t is needed because the motion acting on the gradient would 





otherwise be too feeble for this to be the dominant method of supplying 6?-stuff. 
The action of a velocity field of length scale n-! on a uniform gradient of @ of 
magnitude V7' produces variations of # which are described accurately by the 
equation 


“+u.V0+u.VT = KV, 

ot 

and, so it appears, approximately by the low Péclet number form (10) when 
n > (e/K3)i. 

An interesting aspect of this state of affairs is that the action of convection is 
directly influenced by the conduction process and cannot be considered separately. 
The effect of conduction is so strong as to ‘ balance’ approximately any tendency 
for the convection to change the distribution of #2. An example of a case in which 
(10) is the appropriate equation is provided by Townsend’s calculation (un- 
published, and used in a paper by Clarke & Rothschild 1957) of the increase in the 
rate of diffusion of oxygen down a concentration gradient in semen caused by the 
swimming of spermatozoa; as (10) shows by its form, the magnitude of the 
fluctuations in ( is proportional to x~! and the transfer of oxygen by convective 
movement—which may be expressed by an eddy conductivity—is likewise pro- 
portional to «~!. The transfer of @?-stuff across the 6-spectrum due to the action 
of convection, as described above, may also be represented in terms of an ‘eddy 
conductivity’ (in the sense made familiar by Heisenberg). The total rate of 
destruction of 6?-stuff in all Fourier components with wave-numbers above n by 
conductivity is seen from (8) to be given by the alternative expressions 


-_ , [* 2E(n) 
2k} n®T(n)dn = x | ——.- dn 
hea KJ, 3Kn* 
ro 2H (n) pms 
~ 2 ———dn | n?I(n)dn, (12) 
dg Bn Jo 





showing that the effective eddy conductivity due to eddies of length scale smaller 
than n~! acting on components of 6 with length scale greater than n~ is 


2 (°E Ce 
uF nie = (13) 
3K Jn =n 4kn3 
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again inversely proportional to x. The absence of any dependence of the effective 

transfer of kinetic energy on molecular viscosity in the corresponding expression 

for the eddy viscosity put forward by Heisenberg, namely 

E(n)|3 
n3 


(* 20 


const. x dn, 








vn 


is presumably the reason for its failure at large values of n at which the effective 
%eynolds number is small, as has been suggested elsewhere (Townsend 1951). 
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Experimental search for the effect of compressibility 
in unsteady Couette flow 


By LESLIE HROMAS AnD HAROLD DEGROFF 


Purdue University, Lafayette, Indiana 
(Received 18 June 1958) 


Solution of the compressible Rayleigh problem involving an impulsively moved 
flat plate indicates that transverse velocities can be generated by a purely 
longitudinal shearing motion. It would be desirable to demonstrate the existence 
of these waves, and to do so was the motivation for the present investigation. 
However, the geometry for the Rayleigh problem is prohibitive; and since it was 
noticed that a similar behaviour should occur for the case of unsteady compres- 
sible Couette flow, this was considered for the present investigation. An experi- 
mental search for the existence of the transverse velocities was conducted using 
concentric rotating cylinders to generate the flow. Since these transverse 
velocities were too small to be measured directly, a temperature gradient was 
created across the annulus to take advantage of the much greater sensitivity of 
a hot-wire to temperature fluctuations produced by the fluctuation in the trans- 
verse velocity. The periodic temperature fluctuations noted were converted to 
equivalent transverse velocities. Experimental values obtained agreed qualita- 
tively with the theory. Finally, the role of extraneous effects in the experimental 


apparatus was considered. 


1. Introduction 
Relation to the Rayleigh problem 


The results of the classical incompressible Rayleigh problem, an infinite plate 
moved impulsively from rest parallel to its own plane, indicate that the resulting 
Huid motion is everywhere parallel te the plate and can be expressed rather 
simply in terms of the error function. Recently this problem has been re-examined 
for compressible fluids by a number of authors. In this case the conservation 
equations are coupled. basically through the viscous dissipation terms, and a 
non-zero transverse velocity occurs. In fact, as Stewartson (1955) shows, a 
strong shock wave travelling away from the plate can be generated. The total 
flow fieldis made up of three regions: a viscous boundary layer close to the moving 
plate, a disturbed inviscid region between the boundary layer and shock, and an 
undisturbed region beyond the shock wave. Mathematically the problem is to 
obtain separate solutions in these regions, and then to match them at the 
boundaries. 

[Llingworth (1950) has given a boundary layer solution suitable for large time 
and arbitrary Mach number. Howarth (1951) was able to obtain an expression 


for the pressure field in the compressible case by a linearization process, and he 
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also examined the initial motion without recourse to linearization. Van Dyke 
(1952) treated the non-linear problem and obtained a solution valid for small 
Mach numbers. He obtained a solution for the boundary layer region and the 
outer flow field to the third approximation by iterating between the two solutions. 
His process could be repeated indefinitely, except that the shock discontinuity in 
the outer flow field would have to be included. Finally, Stewartson (1955) con- 
sidered the flow field for large Mach numbers, on the assumptions that the outer 
inviscid flow field and the boundary layer could be treated separately. A detailed 
summary of the existing theories is given by Stewartson (1955). 

Van Dyke’s and Stewartson’s solutions together cover the complete Mach 
number range for the impulsive plate problem. Stewartson (1955) has compared 
the two solutions and found that even though there is a discontinuity, the agree- 
ment is fairly close, and that they can be matched by an approximate solution. 

In each of the papers on the Rayleigh problem the distinguishing feature 
between the incompressible and compressible case is emphasized. This, of course, 
is the presence of the outflow velocity in the compressible case arising from the 
fact that viscous dissipation heats the fluid and a corresponding expansion occurs. 
Typical values of this,outflow velocity ¢ can be computed from the analyses 
mentioned. For example, Van Dyke (1952) gives the following expression for the 
small Mach number range in terms of the Mach number, time, and fluid properties: 


y—] I/p 
v= : M? - 
\ (277) ef) @) 


where y is the ratio of the specific heats and v the kinematic viscosity. Assuming 
first, as an upper linit, 7 = 1 and ¢ arbitrary—say } sec, equation (1) gives for 


air v = 4x 10° ft./sec. For a low speed .W = 0-01, equation (1) gives 
v = 4x 10-‘ft./sec. 


It should be noticed that these are extremely small values. However, the overall 
results of the compressible Rayleigh problem indicate that transverse waves, or 
velocities, can be generated by a pure longitudinal shearing motion. It would be 
desirable to demonstrate the existence of these transverse waves experimentally. 
This was the motivation for the present investigation. 

Experimental verification with a very large impulsive movement of a plate 
would be difficult, and so the question was raised as to whether the same pheno- 
menon could be demonstrated with a different geometry, although in an analogous 
fashion. Examination of the basic equations for compressible plane Couette 
flow reveal the same degree of coupling as for the impulsive plate, i.e. transverse 
waves should occur in the channel for an unsteady motion of the moving walls. 
Also, for Couette flow the wall motion need not be impulsive, but could be a 
small oscillation superimposed on a uniform mean motion. 

This reasoning led to the use of concentric rotating cylinders (outer cylinder 
rotating) to assimilate the plane Couette motion. It is realized that steady flow 
between concentric cylinders does not result in a linear velocity profile, but the 
deviation from linearity is small, i.e. 3 to 4°,, with the geometry which was 
adopted. The oscillation of the outer wall is primarily felt in a small region close 
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to it, and so the approximation with circular cylinders was found to be quite 
satisfactory. 

With the circular geometry the problem was then to determine whether any 
periodic transverse velocity existed which could be traced to the wall velocity 
perturbation. 


2. Analytical discussion of the Couette problem 

Unsteady incompressible solution 
So far it has not been possible to obtain a solution for unsteady compressible 
plane Couette flow which is suitable for comparison with experimental results. 


For the incompressible case, DeGroff (1955) has given a solution, and because of 


its significance in the present investigation it will be reviewed here. The equations 
of motion reduce to the diffusion equation (as for the incompressible Rayleigh 
problem) ‘ 


ou Cu ) 
ct 7 "Oy?’ (*) 
U+ €e™ 
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Probe - — Probe 


\ Rotating cylinder 
diameter = 11:14 in diameter = 14-40 in 


Stationary cylinder — 


FiaurE 1. Notation for unsteady plane Couette flow 
and orientation of circular cylinders. 


with the boundary conditions u(0,f) = 0 and u(h,t) = U +ee!. The co-ordinate 
system and notation are as shown in figure I. In this case, as for the Rayleigh 
problem, conservation of mass for incompressible fluid motion precludes the 
existence of a transverse velocity. 

The real part of the solution to (2) with the boundary conditions applied is 
given by 


u(y, t) y+ fexth+W cos (At + ay — ah) —e-*"-) cos (At + ay + ah) 


— eXh-v) eos (At — ay — ah) + e-*"* cos (At—ay+ah)', (3) 
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where A = sinh? ah cos? ah + cosh? ah sin? xh and a = ,/(A/2v). The first part of the 
solution is the linear steady-state Couette profile, and the second part is the con- 
tribution from the real part of the perturbation on the wall. It is interesting to 
note that the solution is made up of four components at different phase angles. 
Since 0 < y < hand generally « > 1, it can be seen that in the outer portion of the 
channel the first term in the brackets is by far predominant over the other three. 


Analytical determination of the transverse velocity 
The compressible case differs from the incompressible in that the conservation 
equationsare highly coupled and the full set of five must besolved simultaneously. 
One of the means of coupling is afforded through viscous dissipation, with the 
result that the velocity plays an important role in the energy equation. Also (2), 
which expresses conservation of momentum in the direction of wv, now involves 
both velocities uw and v and the density p. Thus, 


pu, + pru, = WU,,, (4) 


where the subscripts denote partial differentiations. 

Linearization of the equations is one means of attack used by Howarth (1951) 
for the flat plate, and if this is done here a particular characteristic of the present 
problem is seen. The linearization here is performed on the basis of a perturbation 
superimposed on the steady incompressible motion. The linearizing relations 
are Pp = pyt+p, v =v and u = (Uy/h)+u; hence, if squares of the perturbation 
quantities p, v and u are neglected, there results from (4) 


Uf , 
u,+ te = De Uyy- (5) 

It is to be noted that the transverse velocity is retained in this equation, and 
thus the linearized equations are still coupled. Thisis in contrast with the linearized 
Rayleigh problem which depends on viscous dissipation for the coupling. It sug- 
gests that viscous dissipation can be completely neglected while still allowing an 
examination of coupling effects. This was done in the present case, with the 
viscous dissipation being made small experimentally due to the low air-flow 
velocities considered. 

The coupling in the Rayleigh problem depends primarily on a thermodynamic 
mechanism, whereas the Couette case is seen to exhibit a strong dynamical 
mechanism. From the left-hand side of (5) it can be seen that for an inviscid fluid 
a transverse velocity must exist to satisfy the fluid acceleration in unsteady shear 
flows (u, + 0, u, + 0). 

The linearization of (4) indicates that u, and Uv/h should be of the same order 
of magnitude. A complete solution confirming this is not available: however, it is 
possible to compare the two terms by the following approximate analysis. 

Even though there is no boundary layer in the usual sense, the region near 
the upper wall which is primarily affected by the perturbation can be considered 
as one, and from this a suitable *‘ boundary layer displacement thickness’ defined. 
As an order of magnitude approximation this displacement thickness can be 
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found using the incompressible solution; and since it is a time-dependent function, 
its time rate of change is indicative of the transverse velocity. 
Following this procedure, the displacement thickness 6* is defined as 
ch u 
dy. 


Jo © 


Obtaining w from (3) and integrating with respect to y results in 


‘2 sinh 2ah(cos At + sin At) — 2 e7"[cos (At — ah) + sin (At — xh)] 
SAL 


2¢ *"(cos (At + ah) + sin (At + ah)] +sin 2ah( — cos At + sin Af)! 


-~ ye 


The first term will, in general, be much larger than the last three, so that 


2 (cos At + sin At) = (v/2A)4 (cos At 4 sin Af). 
2a 
The value of 6* for a flat plate oscillating alone in an infinite fluid is given by 
d* = .(2v/A), which is ,2 times the maximum value for the present problem. 
This is reasonable, since it would be expected that the present thickness would be 
smaller due to the proximity of the fixed plate. 

Next, since v = dd* dt. differentiation of (7) gives 


e ‘sinh 2xh(cos At — sin At) — e*"[eos (At — xh) — sin (At — ah)] 
Aa 


te *"leos (At+ ah) —sin (At + ah)]+sin 2ah(cos At+sinAt)). (9) 


Again the first term is dominant near the outer wall; and if the time is chosen so 
that v is maximum, then 


Umax = ~, (10) 


Returning to (3), the value of uw, can be computed. At the wall this will simply 
be eA sin At from the boundary condition. The order of magnitude for the ratio 
of the first two terms in (5) is then given by 


he 
-o| : ) — e (11) 


Evaluated at the well, where uw, is a maximum, (11) givesa ratio of (wh)/(Uv) = 2 
for the experimental range of variables used here. If the ratio is to be found in the 
region where the experimental measurements were made, u, must be computed 
using (3) as indicated above, evaluating the derivative at the co-ordinate desired. 
If y = 0-9h is arbitrarily chosen, (w,)/(Uv) = 0-5. The transverse velocity as 
obtained here is independent of the co-ordinate y. However, the result should 
give the right order of magnitude. The results indicate that even at the wall, or at 
maximum u,, the two terms are of the same order of magnitude; and thus the 
coupling due to the shear field is important and cannot be neglected. 

The quantity does not have any significance in the impulsive plate problem, 
but if the transverse velocity v is arbitrarily multiplied by a scale factor U /h, then 
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for Van Dyke’s solution (1) we have (u,h)/(Uv) ~ 10° for the range of variables 
used above. This is much larger than for the present case. Since wu, is the same 
order of magnitude for the two cases, a much larger v should be obtained experi- 
mentally in the present case than the 4 x 10~7 ft./see indicated by (1). 


3. Experimental verification 
Apparatus 

The two metal cylinders used were 11-14in. and 14-40 in. in diameter and were 
placed with their axes horizontal. The resulting annulus was 1-63 in. across and 
22 in. in axial length. Profile velocity and temperature measurements were made 
in the horizontal plane at the axial mid-point of the annulus. The geometry and 
co-ordinate system for the cylinders are shown in figure 1. A photograph of the 
apparatus along with the driving mechanisms is shown in figure 2, plate 1. The 
report by Hromas & Thompson (1956), which deals with the steady-state heat 
transfer between the cylinders, gives a complete description of the apparatus. 

All the measurements were made with hot-wire anemometers used as resistance 
thermometers for temperature measurements and in the normal manner for 
velocity measurements. The development and calibration of the probes has been 
described in the report by Hromas & Kentzer (1955). 


Experimental technique 

The objective was to examine the unsteady motion in the annulus, and, in 
particular, to determine whether any transverse velocity existed due to the 
imposed perturbation. At the outset one primary factor concerning the pheno- 
menon was realized. This was that any existing transverse velocity would be very 
small, and hence any deviation from an incompressible behaviour would be slight. 
Therefore, the longitudinal velocity profile data should agree fairly well with the 
relatively simple incompressible solution. 

With this fact in mind, the first step was to obtain a series of longitudinal 
velocity profile measurements for several shaking frequencies, and to compare 
them with the incompressible analysis. 

The results indicated that any transverse velocity was indeed small, which led 
to the realization that it would not be suitable to attempt to measure the trans- 
verse velocity component directly. It was then proposed that it might instead be 
possible to measure v indirectly through its effect on another variable. In 
particular, it was thought that, since temperature changes could be detected on 
a much smaller scale than velocity, temperature fluctuations might be detected 
due to the oscillating wall. Using the hot-wire as a resistance thermometer, it was 
conjectured that if a temperature gradient were to be placed across the flow, any 
transverse velocity component would have a magnified effect on the temperature. 
From data obtained during the previous steady-state heat-transfer experiments 
of Hromas & Thompson (1956), suitable gradients were chosen such that the 
effect of free convection was known to be negligible. 

When a temperature gradient was placed across the flow, definite temperature 
fluctuations were noted to occur at the frequency of the perturbation oscillation 
of the rotating cylinder. In order to extend the range of data, several different 
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temperature gradients were used with temperature traces being recorded at 
various gap settings in the annulus for each gradient. Instrumentation response 
determined the lowest gradient usable, and free convection the largest. 

It was concluded that by this indirect method the existence of a transverse 
velocity was demonstrated for the problem involved. Assuming that vA7’ is 
indicative of the forced convection, and then knowing the temperature gradient, 
the frequency of oscillation, and the magnitude of the temperature fluctuations, 
average values for the transverse velocity were computed. 


Comparison between theory and experiment 

The first data obtained were the resultant velocity traces for various frequencies 
and gap settings. For both of these the cylinder walls were at room temperature. 
The experimental data are compared in figure 3 with the theoretical results for 
unsteady incompressible plane Couette flow. It can be seen that the experimental 
data agreed very closely with the analysis. The maximum discrepancy corre- 
sponds to a velocity of 0-07 ft./sec; and as the sensitivity limit of the instrumenta- 
tion was 0-05—0-07 ft./sec, this error is not significant. 
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FicurE 3. Theoretical and experimental velocity profiles for unsteady 
incompressible Couette flow. 


Further evidence of the close check with the incompressible analysis can be 
seen in figure 4. These were data obtained for a given gap setting and various 
frequencies, keeping constant the ratio ¢/ l” of the perturbation magnitude to the 
mean wall velocity. The four data points fall about 0-1°,, below the theoretical 
values, corresponding to velocity differences of only 0-007 to 0-010 ft./see. Within 
the accuracy of the instrumentation the above results certainly indicate a close 
check with the incompressible theory. Further, they confirm the initial assump- 


tion that any transverse velocity would be small. 
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When a temperature gradient was formed across the flow, oscillations were 
noticed. Figure 5 gives the magnitude of these oscillations as a function of gap 
setting and temperature gradient. The large degree of scatter was primarily 
caused by difficulties of measurement. Also, the values given in figure 5 were 
measured peak to peak so the maximum deviation from the mean was about 
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FIGURE 4. Instantaneous velocity fluctuation vs shaking frequency at 96-5 gap. 
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The computed values of the transverse velocity are shown in figure 6. Values 
obtained range from about 0-002 ft./see to 0-008 ft./sec. Evidently, such small 
values could not have been measured directly with the hot-wire. 

Since numerical values for v are now obtained, a comparison can be made with 
the tentative theoretical values obtained from the computed displacement 
thickness and the linearized compressible equation. Previously, the ratio of 
(u,h)/(Uv) at y = 0-9h had been determined theoretically and found to be 0-5. 
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If now u, is computed from the experimental data and v taken to be about 


0-003 ft./sec, there results 





which indicates at least an order of magnitude agreement. In view of the nature 
of the experiments, this is really all that could be expected. 
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Fiaure 6. Transverse velocity component vs annulus temperature gradient. 


4. Discussion of results 

Temperature fluctuations 
From figure 5 it can be seen that the magnitude of the temperature fluctuations 
increases with the temperature gradient. In fact, it was found to be roughly 
proportional to the magnitude of the gradient. It would be desirable to check this 
further, but the instrumentation and free convection set rather definite upper 
and lower limits on the gradients usable. 

The high temperature-gradient readings appeared to have a peak at about the 
70° gap position. Why this occurred is not clear. There could possibly have been 
some sort of resonance effect present. A careful examination of the other two sets 
of data shows that the first one or two points tend to be high, so they might also 
have been drawn with a slight peaking effect close to the outer wall. Without the 
aid of an analytical solution it would be difficult to suggest anything of a more 
definite character. 

Transverse velocity fluctuations 
Since the presence of a transverse component of velocity was detected only 
with a temperature gradient. a question of prime importance was whether the 
gradient was a necessary condition for the existence of transverse velocities. 
Since the gradients used were about the upper and lower limits, the only recourse 


was to resort to an extrapolation to zero temperature gradient with the data 
available. This was done and the resulting curves are shown on figure 6. This 
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procedure was not precise, but it appears from all the data that a non-zero trans- 
verse velocity would be obtained at room temperature. The values indicated are 
of the order of 0-003 ft./sec. 

The extrapolation did not change the order of magnitude of the observed 
velocity, and hence gives a result which still agrees with the analysis. For this 
reason it was felt the extrapolation was justified. Thus it was concluded that, as 
indicated to be true by the coupling in the basic equations, a periodic transverse 
velocity would exist at zero temperature gradient. 


Possibility of extraneous effects 
Four sources of error which would have affected the results are free convection, 
centrifugal effects, instability regions in the annulus (even though the outer 
cylinder was rotated) and viscous dissipation. For the velocities used one would 
expect viscous dissipation to be very small. Using the results of DeGroff (1956), 
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FIGURE 7. Mean temperature profile for unsteady flow (annulus temperature 
gradient— 28-5 °F/in.). 


the dissipation was found in this case to raise the fluid temperature a maximum 
of 0-0007 °F. This is certainly not detectable in the temperature fluctuations. 
Concerning an instability region, it is felt that the extensive hot-wire measure- 
ments which had been made in the previous steady-state investigations would 
have indicated any that existed. 

It was found in the steady-state heat-transfer measurements that free con- 
vection had a large effect near the inner cylinder and in a small confined layer 
along the outer cylinder. These two regions were connected by a linear portion 
free from convection currents. Figure 7 shows a profile for a particular case 
chosen to minimize free convection effects. For all gradients used in the present 
work, the data obtained were restricted to well within the linear regions and 
hence should be independent of free convection. 

Finally, there is the possibility that the transverse velocities noticed could 
have been caused by centrifugal effects. Continuity considerations require that 
regardless of whether the motion is cylindrical or piane, the existence of a trans- 
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verse velocity for the present problem requires some degree of compressibility in 
the fluid. However, centrifugal force can still contribute to the magnitude of the 
transverse velocity, and it remains to see how this compares with the © *>cts of 
the basic coupling as indicated in the equations for plane flow. The coupling for 
plane compressible Couette flow was indicated by the linearized momentum 
equation (5). The corresponding equation for unsteady compressible cylindrical 
Couette flow will now be linearized on the same basis as the plane case, i.e. 
a small perturbation is superimposed on the steady incompressible motion. The 
linearization relations are Pp = py+P. Uo = Ie,+4o and q, = q,, where the sub- 
script 0 corresponds to the steady incompressible state. The resulting equation 
for the perturbation velocities is 

a CFs og be qo. *)| = Ht + | ve te), (12) 


~ A 9 
r or rr 





The second term on she left-hand side is analogous to the coupling term in (5), 
and the last term on the left-hand side occurs due to the cylindrical nature of the 
flow. However, the relative magnitude of these two terms can be readily deter- 
mined from the relation for the steady incompressible profile 


2 9 
wre r2 ; 
do = 33 | -—]- (13) 
r—r r 
The ratio between the second and third terms is then 
Oqy,/Cr _ 1+ (rZ/r?) (14) 
Yao 1 — (r?/r?) 


which for the present apparatus takes the value 4 at 7 = r,, and approaches 
infinity as r +7r,. This indicates that centrifugal forces are felt in the experimental 
apparatus, but are never predominant, being 25 °% of the effect at the outer wall 
and approaching zero at the inner wall. For the region of the annulus in w me the 
data were obtained, centrifugal force could have caused about 10 to 15 % of the 


measured effect. 
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This paper describes an investigation of the turbulent forced plumes generated by 
steady release of mass, momentum and buoyancy from a source situated in an 
extensive region of uniform or stably stratified fluid. The treatment, which is an 
extension of earlier work on buoyant plumes, also brings out the relationship 
between the jet and the plume as special cases of forced plumes. 

The analysis shows that the behaviour of a forced plume from a source of finite 
size which delivers buoyancy, mass and momentum can in a uniform environment 
be related to that from a virtual point source of buoyancy and momentum only, 
and a treatment is given for the latter type of forced plume. When the environ- 
ment is weakly stratified it is inferred that forced plumes can be related to point 
sources in the same way. In a uniform environment the plume fluid rises in- 
definitely; but when the environment is stably stratified, increasing the release 
of mass and momentum from a given source of buoyancy has the effect at first of 
reducing the total height of the plume, and only for very large flux of momentum 
does the height increase again, without limit. A description is given for the 
behaviour of vertical jets in a stably stratified environment, and for forced 
plumes of fluid with negative buoyancy. 


Introduction 


The plumes generated from steady sources of buoyancy in a uniform or 
stratified environment have been described by several authors. Laminar thermal 
plumes in a uniform environment were analysed by Gutman (1949) and Yih 
(1951, 1952), and Yih has also shown experimentally that such laminar flow is 
unstable quite close to the source (in terms of a local Rayleigh number) for all but 
the weakest sources. Thus the flow in most plumes will be effectively turbulent 
throughout the ascent, and this treatment will be restricted to turbulent flow. 

Turbulent plumes in a uniform environment were first investigated by Schmidt 
(1941) using mixture length theories; and related experiments have been reported 
since by Yih (1951), Rouse, Yih & Humphreys (1952) and Railston (1954). In 
these experiments the nearest approximation to a pure source of buoyancy was 
Schmidt’s electrically heated grid set in a circular hole in a table-top; Railston 
used a similar source near the bottom of a vertical chimney, so that he was actually 
considering constrained plumes in an induced current: and Rouse ef al. (1952) 
carried out a careful set of experiments on free plumes above gas flames. Two 
treatments have been given for turbulent plumes in an ambient fluid in which the 
density varies linearly with height: Priestley & Ball (1955) were concerned 
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specially with plumes rising from heated surfaces, while Morton, Taylor & Turner 
(1956) investigated the plumes from a virtual source of buoyancy only, and 
related these to experiments in which a steady stream of light fluid issued from 
a nozzle. 

The purpose of this paper is to find the general effect of variations in the 
character of the source on the buoyant plumes which are produced. The plume 
generated from a source of finite size which delivers a flux of buoyancy, momentum 
and mass will be termed a forced plume. It will be shown that there is always an 
equivalent point (or virtual) source of buoyancy and momentum only which 
produces the same flow as the extended source, and the plumes from such point 
sources will also be called forced plumes. It may be noted that there can be no 
mass flow from a point source when the momentum flow is finite; for the momen- 
tum flow is of order (plume radius)? x (plume velocity), so that the plume velocity 
near such a point source is O{(plume radius)~'], and the mass flow is of order 
(plume radius)? x (plume velocity) which tends to zero at the source. The forcing 
considered here is from the source and not from the environment, which is 
assumed to be at rest except for the influence of the plume. Two limiting cases of 
the forced plume are the jet from a point source of momentum, and the pure plume 
from a source of buoyancy only. 

In order that the problem will be mathematically tractable, certain assump- 
tions must be made about the nature of the turbulent flow and its effect on fluid 
mixture across the mean boundaries of the plume. First, it will be assumed that 
well-developed turbulent flow in forced plumes is independent of viscosity (i.e. 
that local values of a Reynolds number are large), and of thermal conductivity 
(so that behaviour does not depend on the Prandtl number). Then, with the 
assumption of similarity of profiles at different cross-sections of the plume, it 
follows that the structure of turbulence within the plume and the rate of entrain- 
ment at its mean edge can depend only on the differences in mean density and 
mean vertical velocity between the plume axis and the ambient fluid. The treat- 
ment will be restricted to vertical plumes to eliminate the dependence on 
Richardson number of turbulent mixing of fluids with different densities across 
a horizontal interface. And finally it will be assumed that local density variations 
are everywhere so small in relation to some reference density that the inertia of 
unit volume of the fluid can be regarded as uniform. This eliminates the effect of 
density differences on mixing which may be important when large differences in 
temperature are maintained between the plume and ambient fluid (e.g. in tur- 
bulent flames), and is unlikely to introduce serious error for normal plumes, since 
any large density differences near the source are rapidly reduced as the fluid rises. 
It is then reasonable to assume that turbulence of similar character will be found 
in all forced plumes of the kind considered. 

The general behaviour of forced plumes will be investigated now by an 
extension of the methods used by Morton et al. (1956) (hereafter referred to as 
paper I). As in their treatment, the analysis will refer to incompressible fluids, 
although it can be extended to include convection in the atmosphere by sub- 
stituting potential temperatures and densities for ordinary temperatures and 


densities. 
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The model for forced plumes 
The model used is very similar to that of paper I, being based on the assump- 
tions: (i) that the ratio of the mean speed of inflow at the edge of a forced plume 
to the mean vertical speed on the plume axis is a constant, «, and (ii) that profiles 
of mean vertical velocity and buoyancy are each of similar form at all heights. 

A feature of forced plumes which was ignored in paper | is the greater lateral 
spread of heat than of vertical momentum. Rouse ef al. (1952) have illustrated 
this by experiments with buoyant plumes above isolated gas flames. They plotted 
their results in non-dimensional form, and chose the Gaussian profile 

exp (—96.R?/X?) 
as giving the best fit for a wide range of velocity measurements, and 

exp (—71R?/X?) 
for the measurements of temperature excess; X is the height above the source 
and # the radial distance from the plume axis. 

The entrainment constant « is clearly associated with the velocity profile 
rather than the temperature profile, and where the transport of material pro- 
perties by the plume is of principal importance the temperature profile plays a 
secondary ‘ole even when buoyancy forces give rise to the flow. Thus it will be 
appropriate to seek a similarity solution for which « measures the rate of flow 
into a forced plume, with velocity profile characterized by the horizontal length- 
scale 6, and with an associated buoyancy profile of the same shape but with a 
length-scale Ab. A and & are universal constants for forced plumes in which local 
density variations are small; they must be evaluated experimentally. 


Forced plumes in a uniform environment 

Consider an axially symmetrical plume generated from a roughly circular 
horizontal source in an incompressible environment. The plume will be assumed 
to have Gaussian profiles of mean vertical velocity u(X, R) = U(X) exp (— R?/b*) 
and mean buoyancy 9(p, — p)(X. R) = py P(X) exp (— R?/A*b*), with characteristic 
length-scales b(X) and Ab(X): p,(X) is the density in the environment and 
Po = p-(0) is the reference density. The equations representing conservation of 
mass, momentum and density deficiency (analogous to equations (6) of paper I) 
are, for a uniform environment, approximately 





d 
b2U) = 2abU, 
dx” ) 4D 
d b2U2) = 222h2P l 
dx °” = ZACO-E , > (1) 
d 
A2b27UP) = 0. 
guerre 
Under the transformations V = 2-4bU, W = BU «:.d F = A2b?UP/(1+A?), these 
reduce to : . z 
iV , o- ee . dk 
ty, act Sue (2) 


az” 
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mpV* is the momentum flux, 7pW the mass flux and 7p,F the buoyancy flux 
across a plane at position X in the forced plume. 

The strength of a source will be defined by specifying the rates of discharge of 
buoyancy (7p,)), momentum (7pV2) and mass (7pW,), and will be labelled 
(Fi, Vos W)- 

The forced plume from a source (Fy, Vy, 9) x 
[t will be convenient to find the effect of discharge of momentum from a virtual 
point source of buoyancy before dealing with real sources of finite size. If there is 
a finite flux of buoyancy « [b?U’ P],_, and of momentum  [b?U?] ,_, from a point 
source, both U and P are O(1/6) at the source, and hence the corresponding mass 
How oc [b?L’],_, must be zero. The plume is characterized by the parameters F, 
and V,, and it may be verified that the transformations 


F=F, V=|h\v, W = 2tat(1+A?)4|K|?|K| ™) 
7 3) 
=." .2)-F IVE IRI} ( 
X = 2-4g-4(1+A2)-* |K |? | |-* 2, 
reduce equations (2) to the non-dimensional form 
dw dv 
=, = wsgn Ki, 4 
da dx ne (4) 
where sgn Ff, = +1 according as F z 0. The reduced boundary conditions are 
w=0, v=sgnh, atxr=0; 
the buoyancy flux remains constant at all heights in a uniform environment. 
When x is eliminated from equations (4) 
w = 235-4senv |v? — sgn Kl?; (5) 
and when w is eliminated from equations (4), after integration 
“ ; 
ax = 2454sen Ky |v} —sgn V|-2 vf dey. (6) 
J sgn Vy 


Equations (5) and (6) provide a parametric solution for the forced plume in a 
uniform environment from the source (F), 4, 0) in terms of v. The following cases 
may be of interest: 

(i) When the fluid delivered by the source is lighter than its environment and 
has upward momentum (/) > 0 and Vy, > 0), v increases steadily from its initial 
value + | and 

w = 285-4(v5—1)8, x = 2454] (vg—1)-F 3 d2. _ (7a) 
J1 


This solution can be written to an accuracy better than 1% for v > 2 
a = 23543-1y8 — 1-057; (7b) 


w = 225 


5, voc (w+1-057)3 and woc (vw +1-057)3, which is precisely the 


hence, for x 
behaviour exhibited by the plume from a source (J, 0, 0) of buoyancy only at 
x = — 1-057, below the given source. Figure 1 shows curves for the non-dimen- 
sional horizontal length-scale or effective plume ‘radius’ w/v (oc 6) and the non- 
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dimensional vertical velocity on the axis v?/w (oc U’). For purposes of comparison 
the corresponding curves for the ‘radii’ of plumes from virtual point sources of 
buoyancy only (marked ‘plume’) and momentum only (marked ‘jet’) are also 


shown by broken lines. 
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FicguRE 1. The behaviour of a forced plume from a virtual source of buoyancy and 
momentum, situated in a uniform environment. The non-dimensional quantities w/v, 
which is proportional to the horizontal length-scale or plume ‘radius’, and v?/w, which is 
proportional to the vertical velocity on the axis, are plotted against x which is proportional 
to the height above the virtual source; the corresponding ‘radii’ for simple plumes and jets 


are shown in broken lines. 


(ii) When the fluid from the source is heavier than its environment and has 
upward momentum (Ff, < 0, ¥, > 0), v decreases steadily from its initial value + | 
to 0, and “1 

w = 245-4(1—v5)t, 2 = 2454 | (1—v9)-4 oF dv,.* (8) 


vt? 
The fluid in the forced plume will rise to a maximum height 
°} a 
a = 2454 | (1—v})-te3dv, = 1-454, 
J0 
* Note that 2 can also be written 2454{2(4, 4) —A(4, 4; v®)}, where A(4, 3) is a #-function 
and (4, 4; x) an incomplete /-function of argument 2°. 


a3 
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and will then spread sideways as it falls back; some plume fluid will remain near 
the highest point because of entrainment from above (which has been neglected). 
The present method can provide a solution only for the ascent. The solution 
curves for w/v(ab), v?/w(a Ul) and —1/w(oc P) against the dimensionless 


height x are plotted in figure 2. 
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Figure 2. The behaviour of a forced plume from a virtual source of momentum and 


negative buoyancy situated in a uniform environment. w/v is proportional to the plume 
‘radius’, v?/w to the vertical velocity at the axis, and 1/w to the deficiency of temperature 
at the axis of the plume relative to that of the environment. 


(iii) When the fluid from the source is lighter than the environment but has 
downward momentum (fj, > 0, ) < 0), v increases steadily from its initial value 
-l, and - 
~ e\] 1 : 5 1 b 
w = 235-4senv(1+25)8, x = 2458 (1 + 02)-2 v3 dv. (9a) 
J-1 


The forced plume descends to a ‘singular point’ at 
. $54 5 hae > 
a 2252 (1 +79) zed, = — 1-454 


below the virtual source, and then rises again. The solution for a descending 
foreed plume is valid physically only until the flow spreads sideways, and is just 


case (ii) inverted. The ascending part of the solution (for v > 0) describes a 








ee 
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forced plume from an actual source where the mass flow is too large for case (i) 
to apply. 
Approximate expressions for v > 3 are 


w = 235-48, x = 28543-1738 — 3-253; (9b) 


hence for x > 8 the forced plume behaves closely as though it were generated 


from a virtual source of buoyancy at x = — 3-253, below the given source. There 
is now an initial region of accelerated flow above the source. 


The forced plume from a source (Fy, 4, Wo) 

The effect on a forced plume of independent variation of the mass flux W, from 
the source can be found only by considering the effects due to a source of finite 
area. The behaviour of the plume is represented again by equations (4). For an 
extensive source it may be assumed that the flow is directed upwards from the 
source (i.e. sgn, = sgn W, = 1), so that the boundary conditions at the source 
(Fy, %, Wo) are v=1, w=254(P}} atx =o, (10) 
where I’ = 225a-1(1+ A?) F,V>°W? is a dimensionless parameter representative 
of the forced plume in a uniform environment. 

A plume which is the same above the level « = 0 can be generated from a 
virtual point source (/, yj, 0) situated at a certain height x = —%. (Recall 
that the flux of buoyancy is constant in a uniform environment.) This equivalent 
plume must satisfy the same non-dimensional equations as the forced plume 
from the source (Fj, V, W), and the modified boundary conditions v’ = y and 
w’ = 0 at 2’ = 0, where the dashes are used to refer symbols to the equivalent 
yV,, 0); the corresponding solution is 


é 


plume from (F), 


v>y, w' = 235 2 |y'5— y5|8 
ry’ ( 1] ) 
x’ = 25tson KH] |vyb—y5|-4v;3 de}. 
JY 
The two plumes will be identical above the level of the actual source if at x’ = 2, 
, , ~ Imi ye. © — 
v’ = land w’ = 225-4 |T|; these conditions determine y and Z as 
y=1-I 
$54 i 4 
7 = Pers y | 45/5 asd 13 dy)’ 
t= 25¢sen Ky] [vy —y*|-2vyF dv, (12) 
Jy 
1 wd 13 ’ Pay | P 
= 2252 |y|? sgn |t® sgn y|-4 # dt, 
J sgny 
where v, = |y| t. The significance of these solutions depends on the parameters of 


the physical system in a complicated way; it will be investigated further in a 
separate paper on convection by forced plumes in the atmosphere. The following 
comments may be of interest here: 

(a) when 0 < T < 1, forced plumes behave as though from a virtual source 
(Fy. y'V,. 0) situated at “Ly 

a = —2b5hyi (8 —1)-4 Bde. 
J1 

The full solution is that of case (i) for the forced plume (/j, Yj, 0) given above; 
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(6) when I’ = 1, forced plumes behave as the plume (J, 0, 0) from a source of 
buoyancy only at 2 = — 2-108; 
(c)when [> 1, forced plumes behave as though from a virtual source 
(Fh. — \y| \y, 0) situated at 
3 “a/l7 
x = 3-162 |y|? (t° + 1)-$ Bde; 
J-1 
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FIGURE 3. The behaviour of a forced plume from an extensive source discharging heated 
fluid and situated in a uniform environment; for this source [ = 2-69. w/v is proportional 
to the plume ‘radius’, v?/w to the vertical velocity at the axis, and 1/w to the temperature 
excess at the axis over that in the environment. 


this integral can be positive, in which case the virtual source lies above the actual 
source (see case (iii) above). A particular example has been worked for [ = 2-69 
and the results are shown in figure 3. The curves show that when [ > 1 the plume 
uid is at first accelerated above the source, but that the vertical velocity 
ultimately decreases steadily with height and the plume becomes straight-sided ; 

(d) when [ < 0 the forced plume behaves as though from a virtual source 
yiV,. 0) at 


O° @ 


(Ff - 
x = —3-162y3 (1 —#5)-4 dt 
2 1l/y 

(see case (lili) above). 
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The behaviour of a forced plume in a uniform environment is characterized by 
the dimensionless parameter I’, and relative to the straight sided plume from a 
virtual source of buoyancy the entrainment near the source is increased when 
I’ < 1 and decreased when [' > 1. Hence the most rapid removal of plume fluid 
from the neighbourhood of the source is obtained for small Vj and large W?./, by 
releasing the fluid slowly from a large aperture and giving it the maximum 
buoyancy. The most rapid mixing of the effluent with its environment is obtained 
in the jet. 

Values for the constants A and « 
For Gaussian profiles, a value A = 1-16 can be obtained in the case of thermal 
diffusion from the profiles recommended by Rouse ef al. (1952). An improved 
value a = 0-082 for the entrainment constant has been found by comparison of 
the predictions of this analysis with experimental results for jets and plumes (see 
Morton 1959). 


Forced plumes in a stably stratified environment 

The foregoing treatment has shown that modifications to the shape of forced 
plumes caused by changes in the source (i.e. in F), ¥, and W) are restricted mainly 
to the lower parts of the plumes. In a weakly stratified environment the effects of 
stratification will be relatively small near the source, but will dominate the upper 
regions of plumes. Indeed, the environment can be quite strongly stratified and 
still produce a negligible effect on the lower part of the forced plume (for example, 
between the virtual point source and the actual source). This may be demonstrated 
very clearly by comparing the widths of pure plumes from point sources of 
buoyancy in uniform and stably stratified environments (see paper |); stratifica- 
tion leads to < 1% increase in width at one-third of the plume height, 3 °, at half 
the height and < 8% at two-thirds of the height. Similarly, for vertical jets (see 
below), stable stratification causes < 2°, increase in width half-way up the jet. 
and 5°, increase at two-thirds of the jet height. Consequently, in a stratified 
environment the shape of forced plumes in their lower parts will be similar to that 
which has been predicted for a uniform environment, and in their upper parts will 
be like that described in paper I. Thus, the calculations of the previous section 
for the position of virtual point sources in a uniform environment can be carried 
over directly to the case of a stratified environment with very great saving of 
labour and without appreciable increase of error; but further analysis is needed 
to find the dependence on /,, VW, and W, of the height of the plume top, since this 
will depend critically on stratification. 

For a stratified environment the use of Gaussian profiles is unsatisfactory 
(Morton 1959) so they will be replaced for this section by ‘top hat’ profiles, with 
the mean vertical velocity constant across a section of width 2b(.X) and zero out- 
side it and the mean buoyancy constant across asymmetrically situated profile of 
width 2Ab(X) and zero outside. This change of profile does not affect the height 
calculated for the plume top, but it does modify the values of the constants; for 
the plume with ‘top hat’ profiles, « = 0-116 and A = 1-108. 

The general forced plume from the source (/j, ¥, Wy) is in a uniform environ- 
ment equivalent to a related plume from a virtual source of buoyancy and 
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momentum, and so it will be sufficient here to consider forced plumes (/j, Vi, 0) 
from virtual sources. Only the case of stable stratification with a uniform density 
gradient will be investigated. The physical conditions of the problem provide the 
three parameters F), V, and G = (g/p,) (dp,/dX) (a measure of the stratification); 
one dimensionless parameter, @V$/F2, can be formed from these, and any two 
form a basis for a reduction of the system to non-dimensional form. 
The equations for plumes with ‘top hat’ profiles (corresponding with equa- 
tion (2) for Gaussian profiles) are 
; ” , 
aWaov, { -arw, “= -ow 13 
= ay , = aad . -— = 7 ( 3) 
dX dX dX 
where in this case V = bU, W = b°U, F = b°UP in order to preserve the physical 
meaning of V, W and F. The transformations 
’ ’ r 1 |  —_ r 22 1 7 ’ a 
F=|K\f, V=2At|KltG-te, W = 2atal Ayia Fw, 
X = 2-$a-4A-1/F|tG-42, 
reduce these equations to their simplest non-dimensional form, 
dw dv4 : df 
=v, =fw, =-=-w; (14) 
dx dx dx 
and the corresponding boundary conditions at x = 0 are, 


F,|-? GV, = v, (say), f = sgn fh. (15) 


0 


w=0, v= 2-tA-4| 
The following cases include all plumes emitted upwards from sources of finite 
area. 
(i) F, > 0 and V, > Oscorresponding with actual sources for which 0 < [ < 1. 


From the last two of equations (14) 


where 0 = GV$/(A2F2+GV4) is the most convenient form for the representative 
parameter. Define the new independent variable s = 2(1—o) v4; then 


. pina 
j-th (16) 
where the positive sign is taken where the buoyancy force acts upwards and the 
negative sign where it acts downwards. The value of v increases from v = v, at the 
source to a maximum v = (v}+ 4)! at the level where f vanishes, and then de- 
creases steadily to zero at the top of the plume (v?0c momentum flux); the corre- 
sponding values for s are s = 7(< 1) at the source, s = 1 where f = 0, ands = Oat 
the plume top. f decreases steadily from f = 1 at the source to f = —(1—0)~4 at 
the plume-top. 

From the first two of equations (14), for the lower part of the plume (a < s < 1), 


w? = 2-4(1-—a)-3 | fa —t)-tdt 


Jo 
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and in the upper part of the plume (1 > s > 0) 
w? = 2-410)? {28(8, 4) — AE, 4; 8) — ACE, 4; a}. (170) 


The parametric solution is now completed by finding x from equation (14, ii); 
for the present purpose we need only the height of the plume-top, 2,,,,, which is 
the greatest height to which fluid emitted from the source can penetrate 





, air dt 
Lmax = 2 s(1 —C) TT ae TT as ; 
\Jo vV(1—t) ViA(4. 359 — Ale, 3: 7); 
“1 
+ | fon(5 1 _ 5 1 I. (18) 
Jo V(1—t) /{28(3, 4) — AG. 4:0 -— AG 4: oO} 


A graph of x,,,,, plotted against o is shown in figure 4; the curve for expression (18) 
is labelled 0 < T. < 1. The limiting case o = 0 for the plume from a virtual source 
of buoyancy only has a greatest height 2,,,,, = 2°805, which agrees with the value 
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Figure 4. The non-dimensional height (2max) of the top of a forced plume in a stably 
stratified environment, plotted as a function of the dimensionless parameter 
1774 9 p72 p74 
= 6) 0 (A*Fo + GI 0): 

The curves drawn are for the following cases: (i) 0 < I < 1 represents the plume from a 
virtual source of positive buoyancy and upward momentum, (ii) ' < 0 is that for a source 
of negative buoyancy and upward momentum, and (iii) > 1 is that for a source of 
positive buoyancy and downward momentum. 


2-80 +, given in paper I; the complete solution for the case g = 0 can be found in 
that paper. As a is increased the value z,,,,, decreases, at first rapidly owing to the 
sudden increase in mixing near the source and then more slowly. When o exceeds 
0-8 the buoyancy flux from the source is becoming less important than that of 
momentum, and forced plumes can be projected to any height by sufficiently 
increasing the momentum of the fluid as it leaves the sources; the necessary in- 
crease may be very large, for example, GV§/A?F2 must be increased to about 
100 before the height of the forced plume is again as great as that of the simple 
1] Fluid Mech. 5 
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plume from a virtual point source of buoyancy. (Actual heights are directly 
proportional to dimensionless heights if Vj, only is varied.) 

(ii) F, < Oand VK, > 0, corresponding with actual sources for which [ < 0. The 
appropriate boundary conditions at x = 0 are 
if -—|], w=0, v=4,=2 ih (] -C) t. 


and the greatest height to which the heavy plume fluid rises is 


. fF dt 


' a ( 
Pee Jo Vt) VfB. 430) — BG A OY (79) 
The variation in height of the plume-top with @ is shown in figure 4 by the curve 
labelled [’ < 0. A relatively small flux of momentum is needed to lift the plume 
top well clear of the source, but thereafter the height increases slowly with in- 
creasing },. The parts of the curves near o = | in figure 4 are very similar because 
here the forced plume is dominated by the momentum flux from the source. 

















2 Or— T T 
6F \ = flu <i 
\ 
} 
| 
wit | 
r 4 
} 
x 
7 = 
v/u 
y4e ~ 
/ 
1 st 
0 l 2 3 


wiv, v2/w, —flw 


Fieure 5. The behaviour of the jet from a virtual source of momentum, situated in a 
stably stratified environment. The non-dimensional quantities plotted are w/v, which is 
proportional to the horizontal length scale or ‘radius’ of the jet, v?/w, proportional to the 
vertical velocity on the axis, and —f/w, proportional to the reduction of temperature at 
the axis below that of the ambient fluid at that level; x is the non-dimensional height above 


the virtual source. 
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(ii) & > Oand K < 0, corresponding with actual sources for which [ > 1. The 
initial downwards flow corresponds with case (ii) inverted; the height of the 
plume-top above the source in the subsequent ascent is 





: 7 “o dt 
“max = - a(1 ot 3.) Ta a ) 
L Jo JUL —t) V{PG, 4; &) — BG, 3; 8} 
r [" l l dt | 
Jo LWtAS $59) +PG350} Vt2A8. 8) + 2G. 3:0) -AG. B50} VU -OF 
(20) 


The position of the plume top relative to the virtual source is shown by the curve 
labelled [ > 1 in figure 4, and the lowest level to which the plume fluid penetrates 
can be found from the curve [ < 0 in the same figure. 


The vertical jet from a source (0, Vy, 0) in a stratified environment (G) 
In this case the scale of the motion is determined by \ and G; the trans- 
formations 
F=2.1p2G4f, V=Ku, W = 2tatatVig-tw, 
X = 2-!o-3A-4V3G-12, 


reduce the equations for 
boundary conditions at x 


the jet to the same form as equations (14), and the 
= 0tov = 1, w = Oand f = 0. The solution is 


vast, w= 2HA8,3)-A$ 458)} | 
_ _ohi—st, ea2t Pi dt | (21) 
Je V(L—t) VBE, 4) — BR, BO} 


the height of the plume top is x,,,, = 1:70. Figure 5 shows these results; v?/woc 
vertical velocity within the plume, w/v « radius of the plume, and f/w oc buoyancy 
of the plume fluid. These curves may be compared with those for a simple plume 
shown in figure 1 of paper I; the most obvious and important difference is the 
more rapid spreading of the jet. 
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The structure of a contact region, with application to 
the reflexion of a shock from a heat-conducting wall 


By F. A. GOLDSWORTHY 


Department of Mathematics, University of Manchester 
(Received 19 July 1958) 


By using methods well known in boundary layer theory, the pressure across 
a contact region is shown to be approximately constant. A partial differential 
equation for the temperature is then derived. If the ideal-gas flow external to the 
contact region is known, the temperature profile can be determined. This can then 
be used to calculate successively the velocity and a better approximation for the 
pressure of the gas in the contact region. The theory is illustrated by obtaining the 
temperature, velocity and pressure distributions for a gas in a contact region 
moving with uniform velocity. The thermal conductivity of the gas is assumed to 
vary with the temperature 7 like k = k,,7”, where n = 0, | or 2. The results are 
valid for any temperature ratio across the region. 

The general theory is also used to determine the motion of a plane shock which 
is reflected from a plane-conducting wall. The fluid between the reflected shock 
and the wall is at a higher temperature than that of the wall and a contact region 
adjacent to the wall results. Expressions for the temperature, velocity and 
pressure of the fluid are derived, and it is shown that the effect of heat conduction 
is to decrease the velocity of the reflected shock by an amount which varies as 
the inverse square root of the time. 


1. Introduction 

In ideal-gas theory, a contact region is represented by a discontinuity in the 
temperature and density but not in the pressure and gas velocity. In this paper 
the effect of viscosity and heat conduction on the internal structure of a contact 
region is discussed. By using methods well known in boundary layer theory the 
pressure across the contact region can be shown to be approximately constant. 
This enables an approximate equation for the temperature of the gas to be derived 
and, if the ideal-gas flow external to the contact region is known, the temperature 
profile to be determined. From this the velocity and a better approximation for 
the pressure of the gas can be successively calculated. These can then be used to 
determine a higher-order approximate equation for the temperature. Hall (1954) 
has considered the case of a contact region moving with uniform speed. He 
assumed the pressure to be constant across the contact region and checked this 
assumption by experiment, finding that very little pressure change occurs there. 
The present paper considers the general problem of an accelerating contact 
region, where the temperatures at its edges vary with time. 
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The theory is illustrated by determining the temperature, velocity and pressure 
distributions in a contact region moving with uniform velocity for gases, whose 
thermal conductivities vary with the temperature 7 like k = k,,7”. where n = 0, 
| or 2, and the k,, are constants. The results are valid for any temperature ratio 
across the contact region. 

An examination of the distributions suggests that for more complicated pro- 
blems, in which the replacement of the whole contact region by a discontinuity is 
no longer a good approximation, the part of the contact region adjacent to the 
low-temperature side could be regarded as a discontinuity behind which there 
was finite heat flux. Such discontinuities have been discussed by Fraser (1958) 
with reference to steady radiation fronts. He finds that two types exist, namely 
a radiation flame corresponding to a weak deflagration, and a radiation shock 
corresponding to a strong detonation. Hirschfelder, Curtiss & Bird (1954) have 
also discussed the structure of a radiation front moving into an opaque material 
in which the absorption is intense. The expression for the radiation flux uses the 

Xosseland mean free path for thermal radiation, and the expression is similar in 

form to that for the heat flux used in this paper with the ‘conductivity’ pro- 
portional to some power, n, of the temperature, where n > 3. Thus in the present 
paper, the solution for the case n = 2 serves as an indication to what happens in 
radiative heat transfer. For instance, it illustrates that the velocity of such a 
‘radiation front’ relative to the fluid is small compared with the speed of sound 
and that the discontinuity is rarefactive. We can thus infer that for radiation 
in an opaque material a radiation flame will result. To find the structure of 
an unsteady radiation flame requires only a slight modification of the present 
treatment for a contact region. 

The general theory is further illustrated by determining the flow set up when 
a plane shock hits a plane-conducting wall. The reflected shock is shown to be 
attenuated by the presence of the conducting wall. 


2. General theory 

A uniform gas of infinite extent is initially at rest. Heat is then supplied to the 
gas at a rate depending only on the distance y from some fixed plane y = 0 and 
the time t. If the gas initially in the region y < 0 is heated, then the equations 
governing the subsequent motion are 


Dp Ou _¢ (1 
Dt TP oy asin 
Du Op 4c ou 
p= -a +555) (2) 
It oy sey cy 
Dr _ t (cp\ Dp 4y(cu\? 1lé CT 
: f- = ,t) H(y,—y)+=— I= +—-— (k—}, 3 
“p Dt lar a Dt Oy )f (YoY) 3p (;,] +a >) (3) 


together with the equation of state 


p = f(p, 7), (4) 
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where p, p, 7 and uw denote the pressure, density, temperature and gas velocity, 
respectively, and k are the coefficients of viscosity and thermal conductivity and 
are assumed to be functions of the temperature alone, y,(t) is the position at time? 
of the particle initially at the origin, Q(y, t) is the rate at which energy is generated 
per unit mass of the fluid and H(y,—y) is the Heaviside unit function, which is 
zero for y > y,(t). 

If the viscous and heat conduction terms are neglected, then the solution of the 
problem involves a shock wave which is propagated into the non-heated gas. The 
shock wave is followed by a contact surface separating the heated gas from the 
non-heated gas. The motion and conditions at the sides of both these discon- 
tinuities can be found given the rate of generation of energy in the fluid. This 
solution will be referred to as the ‘ideal-gas’ solution. In reality both the shock 
and the contact surface are regions of small but finite thickness, where the 
transition from one state to another takes place rapidly and where viscosity and 
heat conduction exert a dominating influence. Our attention will be confined to 
finding the structure of the contact region, assuming that the ‘ideal-gas’ solution 
is known. 

Since a contact surface moves with the fluid, a Lagrangian frame of reference 
is convenient. Let x be the initial position of a particle, which is at position y at 
time ¢, and let p denote the initial constant density of the gas. Equation (1), which 
expresses the law of conservation of mass, can now be replaced by the integral 
expression “y 


pdy. (5) 


px = 





J yolt) 


Now put i = px, which is by definition a constant for a particular particle, and 
choose yy and t as the new independent variables. Equations (2) and (3) transform 
into 


ou Op 4c Cu : 

— = ——4+-— — 6 

ot oy = 30y (up ow (6) 

oT iT Cp Cp , = 4 Cu = (i ) oe 
Cpa, + ala), ap = UY) A v)+4ue(= 7) + 3g oy (7) 


where wu = (cy/ct),. The reader will note that the above transformation corresponds 
to the von Mises transformation of the boundary layer equations. If pis known as 

a function of y and t, equation (5) can be re-written in the form 
wy : 
¥— Yt) = | (1 pay, (8) 

J0 
which, on differentiating with respect to t keeping yy constant, gives the velocity 
of a fluid particle YO /] 
c 

u = Up(t) + | - ) dy, (9) 


where w,(t) is the velocity at time ¢ of the particle initially at the origin. 
Let P, w and U denote the ‘ideal-gas’ solutions for the pressure, density and 
velocity. Let the actual pressure and gas velocity in the contact region be 


p=P+p'’, vu=U+w'. (10) 














rr 


Th Cy tee PD 


yuo z_—(iCOr!/. 


rr 


—_— a jo 














The structure of a contact region 167 


Substituting in equations (9) and (6), we obtain 





ose } 
"= u(t)+ = _—— yr, 
. Uo(t) + Jo (> | 7 se 
ow op’ 40 oU ow’ 2 
a ow Boy ae "oy | _ 


We now proceed in a manner similar to that used to obtain the boundary layer 
equations and assume that the effective thickness d of the contact region is small. 
Use suffices 1 and 2 to label quantities in the heated and non-heated parts of the 
gas adjacent to the contact region. Taking ¢ as a quantity having magnitude of 
standard order, equation (11) shows that w’ is O{(1 —@,/.) 6}. Further, if in the 
contact region the diffusion terms in equation (7) are to be of the same magnitude 
as the remaining terms, then (kp)/c,, = O(6?), and if also (yc,)/k is at most of 
order unity, it follows from equation (12) that dp’/dy is O{(1 —@,/w,.) d}. Hence, 
the total change in p’ across the contact region is O{(1 -- w,/w,) 67}, so that, if terms 
of this order are negligible, the pressure in equation (7) can be replaced by its 
‘ideal-gas’ value, P(y,t), plus an arbitrary function of the time which is 
O{(1 — w/w.) 5}. The viscous term in equation (7) can be neglected also. The energy 
equation then becomes an equation for the temperature alone to be solved subject 
to the boundary condition at the edges of the contact region. In order to simplify 
the analysis, terms which are O{(1 —,/w,) 6} will be neglected; the pressure in 
equation (7) can then be replaced by the ‘ideal-gas’ pressure evaluated at y = 0, 
namely P,(t). Similarly, if the rate of generation of heat in the fluid is not too 
strongly dependent upon the temperature, Q(i/,t) can also be replaced by Q,(¢). 
If this is not the case, then the temperature dependence must be retained and the 
analysis is more complicated. We also assume that the gas is perfect with constant 
specific heats. Equation (7) then becomes 


or y—Il1dP. Q,(t)H(-y) By ¢ (kor 
ee pe (=<), (13) 
ot =yP, dt Cy c, Roy \r oy 
which is an equation for the temperature and is solved subject to the boundary 
conditions 7 = 7, at yw = —0,7 = T, at y = w, where 7’, and T, are the tempera- 
tures of the gas on either side of the contact discontinuity. They satisfy the 
equations 
7 2- Dy OH O_O Ue» 4 (14) 
dt yP, dt c dt 7 @ " 


Pp 
Substituting 7 = 7; 6(y,t) in equation (13), and using equations (14), we obtain 
6{T PT, @ (koe 
= aS AD ae -. +. 
a | ¢, RT, ey \7 oy 


2 p 2 


(15) 


If k = k,7, where k, is a constant, a slight change in the time variable reduces the 
equation to the well-known heat conduction equation. When k is some other 
function of the temperature numerical methods have to be employed. The two 
cases when k is a constant and when it is proportional to the square of the tem- 
perature are dealt with in § 3. 
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Once the temperature has been found as a function of if and ¢, the position y of 


a particle can be determined from equation (8), which can be written 


a,/, 


y—yolt) = (R/P,) | 7rdy. (16) 


. 


The temperature distribution in the contact region can then be plotted. 
Further, by using equations (13), (11) and (12), the velocity and the pressure 
can be expressed as 
1 dP k OT 
u-U=- S(y— Y)+ —— + f(t), (17 
yP, dt (y )+- iy f(t) 7) 


/ pic 


p-P = (40-1) k or 1 dP, [(£-toS)a 


3 » at oo > 
CyT ot Cy fy dt , 


(i | 1Py) 4 | oe) f(t)yy+g(t). (8) 


dt\yP, dt YP, dt 





wi : " 
| (y— Y)dy —f (t) yy 


where o = (yc,,)/k, f(t) and g(t) are arbitrary functions of the time, and Y is the 
position of a particle at time ¢ given by ‘ideal-gas’ flow theory, this particle being 
at position y when the effects of viscosity and heat conduction are considered. 
Y is related to y by the approximate equation 


Ws " pay = w,(Y —Y,) H(¥,— Y)+,(Y —Y,) H(¥ —Y,). (19) 
/ Vo 
where w, and w, are the values of the density on either side of the contact dis- 
continuity where the gas is assumed to be ideal. 

The functions f(t) and g(t) are determined by considering the effect the contact 
region has on the external ideal-gas flow. The obvious question to ask is to what 
order of approximation can the flow inside the contact region be fitted to the gas 
How outside without change from that described by the ‘ideal-gas’ solution. For 
this we require that y > Y,u— U and p > P at both edges of the contact region. 
Now just outside the contact region 07/cyy and 0o7/ct are at most O(1). Equa- 
tion (17), in which terms of O(6") are neglected, shows that the first two require- 
ments are satisfied if f(t) is identically zero. Equation (18) shows that to O(6), 
p = P everywhere in the contact region if g(t) is O(d7), so that the third require- 
ment can be satisfied. Hence the external gas flow is unaltered to O(d). Equa- 
tion (18) with f(¢) = 0 can now be used to determine the path of any particular 
particle in the contact region. However, to determine the pressure from 
equation (18), it is necessary to know g(t) to O(6") and this can only be found by 
considering the effect of the contact region on the gas flow external to it. In one 
case only can g(t) be determined easily and this is for the case of a uniformly 
moving contact surface for which dP,/dt = 0 and c7/ct + 0 at the edges of the 
contact region. Equation (18) then shows that p can tend to P, at both edges of 
the contact region if g(t) = 0. The effect of the contact region on the external flow 
is then O(6%). Once the pressure and velocity of the gas have been determined 
from equations (17) and (18), a higher order approximation for the temperature 
could be worked out. 
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3. The structure of a contact region moving with constant velocity 
In this case the ratio of the temperatures at the edges of the region remains 
constant. The thermal conductivity of the gas is assumed to vary with the 
pricier onl =k,7",n = 0, lor 2. Hall (1954) has already treated the case 
= | and obtained vesulte for the case n = 0 by assuming small temperature 
yh across the contact region. The same assumption will not be made here, so 
that the results are applicable for any temperature ratio. 


G) & = &,. 
This case is best treated by transforming equation (15) back into the Eulerian 
system and making use of equation (17). deers (15) becomes 


00 ky (€0 ky [,€70 (00\? 
~— + | Uy — tal] ly; a-(; ; (20) 
ot Cy) Oy (a, 0. Cy), cy® \ey 
A similarity solution of the above caine depending upon the variable 
n = &[y—yylt)]/Vé is now sought. Choosing % = J{(@,¢,)/ko}. equation (20) 


beatae an (2”) \Z- 0 oe 


2] 
dy ee) 


dyn} \dy er F 


Now divide equation (21) by d@/dy and then differentiate with respect to 7. 
Substituting 0 = ¢? in the resulting equation and multiplying the equation by 
~"/d' we obtain on integration, 
7 = tViP?— log. d' +Kj, (22) 
where « is a constant and the dash indicates differentiation with respect to 1. 
Equation (22) integrates again to give 
ry ? dd’ , 
_ 23) 


7 
t "9 , 
y) — log, ~ } 


log, { 
Pe J¢ Vi? *- Pp rmy 


where ¢’ = ¢, when ¢ = ¢,. Substitution of equation (22) into (21) yields the 
expression for the similarity variable 


, 4 


2 Pe ee ee ‘ 
—log, d' +K}+ 269’ — 44995. (24) 


y= +20N10 
The signs are fixed by considering conditions at infinity where ¢’ becomes zero. 
This shows that the upper signs in expressions (23) and (24) are taken for 9 < 7, 
and the lower signs for 7 > 7,, where 7, is the value of 9 for which 


\ {a — log, on+ K=O (25) 
thus determining « in terms of Pe 
Now as 7 > 0, @ > (7/7). ¢ hence 
l /1 Le 0 dd’ 
log. = ioe ae arate (26) 
Pr 1 JeVtP? — Ger — log, (9'/9e)} 





Similarly, as 7 > —2«, d > 1, d’ + 0, so that 
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Hence it is seen that 4? = /(7,/T,) or 7, = (7, 7,), ie. at 7 = 9, (+0) the tem- 
perature is the geometric mean of the temperatures at +00. 

Equation (23) can be integrated numerically given ¢;, which corresponds to 
fixing the temperature ratio 7'/T,; for instance, ¢, = 1/,/2 corresponds to 
T,/T, = «0. The temperature is then found as a function of ¢’. Equation (24) can 
now be used to find 7 as a function of 9’, thus enabling the temperature distribu- 
tion to be plotted (see figures | and 2). 


7/7, 10 








rl O5 1 


= - — u 4 
3 2 l ] 2 a 3 








FicuRE 1. The temperature ratio 7/7, as a function of the similarity variable 
a = {y—ypo(t)} [(c,,)/(k, Tit) }* for n = 0, 1 and 2, and 7/7, = 4. 


(ii) k = kr. 


The solution of equation (15) for this case is well known and is 
t= 3(7,+7,)-—3(7,-— 1) erf 4y, (28) 


where 9 = y[(¢, R)/(Pyk,t)|y. By substituting equation (28) into equation (16), 
VL (Cp @1)/(k, 7; t)] (y — yo(t)) can be determined as a function of 7. The temperature 
distribution can then be plotted (see figures 1 and 2). 


ii) & = k,7*. 
Equation (15) becomes 
00 =k PT, 2 (20 
: _ kehoT (0. ). (29) 
ct Cy R ¢ Ws CU 
The reader will note that this equation is of the same form as that used to deter- 
mine the velocity distribution in a laminar boundary layer of incompressible 
fluid. The problem now under consideration is analogous to the laminar mixing of 
two parallel streams, the velocity in this case being identified with the tempera- 
ture in our problem. 





m- 
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We look for a similarity solution depending on the variable 7 = a,y/,t. 
Choosing 2 = ,/[(¢, R)/(Pyk2T;)], equation (29) becomes 


dO d([,dé 
—ly = 5 (6: ). (30) 
““dyn  dy\ dy 
Putting 6 = dy/df and taking ¢ as the new independent variable, we obtain the 
Blasius equation 
d*y dy 
oo 1a _— (31) 
at? "dé 
This has been solved numerically by Lock (1951) for the case of laminar mixing of 
two parallel streams for various ratios of the velocities. These results can be 
applied directly to obtain the temperature distribution for various values of the 
ratio 7;/T,. 
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FIGURE 2. The temperature distribution for 7',/T, = 0 


(with the same abscissa as in figure 1). 


Results 


Solutions have been obtained for the cases T;,/T, = } and 0. The temperature 
distributions are plotted in figures 1 and 2 form = 0, land 2. They suggest that for 
more complicated problems, where the contact region could not be represented by 
a discontinuity, a theory could be developed in which that part of the contact 
region adjacent to the low temperature side could be replaced by a discontinuity 
behind which there was finite heat flux. The velocity of such a discontinuity 
relative to the fluid would in general be small compared to the speed of sound. The 
velocity and pressure distributions are shown in figures 3 to 6. They show that if 
the above approximate replacement was made, then the discontinuity would be 
rarefactive and would correspond to a weak deflagration. 

Figure 2 shows that when 7,/7,, = 0 the temperature gradient is infinite at the 
low temperature end for n = 1 and 2. This is due to assuming zero temperature 
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there, thus introducing a singularity into equations (13), (17) and (18). In 
an actual case, where the temperature is small but finite, the profile would be 


smooth. The same singular behaviour is exhibited in the velocity and pressure 
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diagrams. The pressure distribution for 7,/7, = Oandn = Oshows a discontinuity 
at the low temperature end. This is due to the non-vanishing of the term 
(1/7) (é7/ct) in equation (18) as 7>7, (= 0 in this case). This discontinuity 


would not be present if 7,/7', was small but finite. 
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FIGURE 5. The perturbed pressure distribution for 7/7, = $. 
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Ficure 6. The perturbed pressure distribution for T,/T, = 0. 
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4. The normal reflexion of a shock from a plane-conducting wall 

At time ¢ = 0, a plane shock of given strength is reflected from the face, y = 0, 
of a wall occupying the region y > 0. If viscosity and heat conduction are 
neglected, the velocity of the retlected shock can be determined. Let this velocity 
be LU’, and let subscripts 2 and 3 indicate flow data ahead and behind the reflected 
shock respectively. The initial temperature of the wall is denoted by 7,. Near the 
face of the wall there will be a contact region in which heat conduction has an 
important effect and where we shall determine the temperature distribution. 

In the region y > 0, the temperature satisfies the equation 


i, (32) 


where k,,, is the thermal conductivity, p,, is the density, and c,, is the specific heat 
of the wall. 

[In the gas (in the region y < 0) adjacent to the wall, the temperature satisfies 
the equation [see equation (15)] 
(33) 


~ 


CT C kr, td 
ct l ( ‘ie 


re 
7 p i 

Equations (32) and (33) are now solved subject to the boundary conditions 
t > Tat the edge of the contact region in the wall, and 7 + T, at the edge of the 
contact region in the gas. At the wall, the temperature and the flux of heat are 


(t=) = (Hes) 


0 \ cy 


continuous; thus 

(34) 
y=+0 
To simplify the analysis we assume that k = k,7. Equations (32) and (33) can 


then be solved and yield the solutions 


7T—-T,= All —erf — y | (iny > 0), (35) 
2A Kyl 
. 

7T—T,= BI +erf ——- | (in y < 0), (36) 
2/Kgl 


where x, = k,,/(P,.¢,,) and K, = (k, P3)/(c, R). Applying the conditions at y = 0, 
we obtain 
2k «os a 
“1+ (Ifmy im’ 7 
where m? = (k,7'3¢,,3)/(KiwPwCw). In the gas the Eulerian co-ordinate y is deter- 
mined by substituting expression (36) in equation (16). This gives 


WaY i} Us vA a _w l _ 
=yXq 3/ «Kg 3 wy Kyl akg va 
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To find the velocity distribution in the gas, use is made of expression (17). The 
function f(t) is determined from the condition that the particle velocity must be 
zero at the wall; hence 


"J k, CT Q¢ 
I) = — A ao) (89) 
and therefore u= = >; 7) (40) 
pew , OW 


where 7 is given by expression (36). Outside ae contact region ¢7/¢y —> 0, and the 
particle velocity there is 


b, nl a [ k,T, (1-7, 9 (41) 


C, w3nt l+m 

To determine the pressure of the gas in the contact region, we need to know the 
function g(t) in expression (18). This function has now to be calculated by per- 
turbing the flow external to the contact region. 


5. Solution in the external ideal-gas flow 
We assume that the effect on the external flow is small. This is true for 
t > k,/(c,,3R), which is of the order of the time when the shock is at a distance 
from the wall comparable to the molecular mean free path. We now write 
u=u, p=a,t+p, p=P,+7’, (42) 
and substitute in the ideal-gas flow equations. By neglecting squares and higher 
powers of the perturbed quantities we can obtain the wave-equation for wu’; thus 
u' = F(A,t+y)+G(A,t—y). (43) 
Also p’ = —0,A,[F(A,t+y)—G(A,t—y)]. (44) 
Linearizing the boundary condition at the edge of the contact region, i.e. 
applying the condition wu = u., at the wall y = 0, we obtain 


“ K 
F(A,t)+G(A,t) = ——, (45) 

ve 

kT, (1-T,/T: 

where K = 18 , *). 
N C,@37\ 1L+m 

In a similar manner we apply the boundary condition at the unperturbed 
shock position given by y = —U,t. It can be shown that here the velocity and 

pressure perturbations are related by the equation 
p’ = —0,A,9(M,) uv’, (46) 


where M, = U,/A, and 


8 


2M{(y — 1) M2 +2] 


oe) [(3y —1) M2+3-y] (47) 
Substituting expressions (43) and (44) in pe (46), we obtain 
PT Te ti }) ac 1,+U,t), (48) 
1—@® (M,) 


or F(g) = —RG(AS), (49) 
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where £ is a variable, R = {1+ ®(.M,)!/{1— ®(J/,)} and A = (1+ M,)/(1—,). Now 
put £ = Agt in equation (45) and substitute for F(£) from expression (49), the 
following equation for G is then obtained, 


— RG(AE) + G(g) = —K /(A;/&), (50) 
which has the solution 
kK A. 
QE) = 5. (51) 
-" (Ri JA)-—l al & 
Using equation (49) we obtain 


K(R/VA) Ag 


if (ee §2 
MS) = — CR ay—i al _— 
2 K Riva | - 
sane = ins (R \ A)-1 ie +(y As)] 4 [t—(y mal (58) 
W2,.A,K R],JA l 
and et | , + | 54 
waa . (R VA)—1L Ly [t+ (y/As3)] V [t—(y/A3)] (64) 


The function g(t) in expression (18) can now be determined, for it equals the 
perturbed pressure at the edge of the contact region, namely 


(Ria) +1 1 


Py=0 = W,A,K (R/ VA) — | ve’ (55) 


which is O(d). A higher order approximate equation for the temperature in the 
ina ' thee oa paereiomat Tae ; j 
contact region could now be obtained by substituting p= P,;+(p’),-9 in 
equation (7) with the viscous term neglected. 

From equation (53) and the perturbed shock equations we can determine how 
the shock is affected by the conducting wall. It can be shown that the perturbed 


shock speed, UZ, is given by the equation 
U, = ¥(M) us, (56) 
[(y—1) 12 +2] 


here W(M) = Hy +l 57 
ee PUL) = 27+ D3) 1) B+ 3_ 7] (57) 

ba Kk R-] l - 
ant Us = (1+) (R/VA)— 1 Je" (58) 


The reflected shock is thus attenuated, the perturbed speed varying inversely as 


the square root of the time. 
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